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ar
We include external effects in the Fokker-Planck scheme for studying globul
cluster evolution. We use this method to study cluster evolution under the combined
influence of relaxation, tidal heating and binary heating of the core in the Milky
Way and M87 and related systems in fundamental plane ellipticals. The investiga-
tions examine the physical behavior as a function of internal cluster properties and
external orbit in a galaxy and us(> nk(>lihood-based statistical inference to examine
possible progenitors of present-day populations.
In M87, cluster evolution is driven by spheroidal heating on low-eccentricity
orbits and relaxation on high-eccentricity orbits. The rapid evolutionary rate in the
dense inner regions of the galaxy produces the large core in the cluster distribution
through depletion. Depletion also leads to an estimated 35% reduction in the
specific frequency of globular clusters, Sn- Because smaller fundamental plane
ellipticals (PTEs) are denser at a given fiducial radius than larger FPRs, homologous
cluster populations evolve more rapidly in the smaller FPEs. This partially explains
differences in
.S'a^ observed in FPEs.
In the Milky Way, clust(>r (^volution is dominated by disk heating on low-
eccentricity orbits and relaxation on high-eccentricity orbits, regardless of inclina-
tion. Disk influence leads to strong (^volution with approximately 55% reduction in
the initial ]>opulation. I'^vaporation on liigh-(!cc(;ntricity orbits dominates leading to
V
greater tangential bias in both disk and halo populations as a function of time. The
inferred initial halo population appears to match the kinematics of the observed
halo field star population. Conversely, the inferred initial disk population does not
appear to match the kinematics of any disk populations. These results suggest that
the flattened component of the cluster population formed in the dissipative collapse
that preceded the formation of the Galactic disk.
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Chapter i
Introduction
Early estimates of main-sequence stellar lifetimes when applied to globular
cluster color-magnitude diagrams yielded cluster age estimates of many Gyr
(Sandage 1953). Though present-day age estimates are larger, the conclusion that
clusters are among the oldest objects in the Universe is indisuptable. This
realization naturally engendered the notion that clusters also represent 'fossil'
relics of the proto-galaxy (e.g. Larson 1990) and has led to inferences regarding
the formation and early evolution of the Milky Way based on the observed
properties of globular clusters and their apparent relationship to halo field stars
(e.g. Eggen, Lynden-Bell k Sandage 1962; Searle and Zinn 1978).
More recently, detailed observations have revealed globular cluster systems
surrounding numerous external galaxies with a range of morphological types
(Harris 1991). While direct age estimates for the individual clusters in these
systems are not generally available, their luminosities and colors imply ages similar
to those of Milky Way clusters. It has become evident, therefore, that cluster
formation is a generic feature of the formation and evolution of galaxies themselves.
Theoretical studies of globular cluster dynamics have progressed at the same
time as these other investigations. The principal catalyst has been the recognition
that two-body relaxation drives evolution on a timescale that is much less than the
age of a typical cluster. The earliest investigations by Ambartsumian (1938),
Spitzer (1940) and Chandrasekhar (1942) have led to the thorough picture of
internally driven evolution which is available today (c.f. Chapter 2)^
^Note that while the more precise age estimates described above were not available at the
time of these early investigations, a typical age was considered to be on the order of 3 Gyr; e.g.
Chandrasekhar (1943).
2An important goal of the theory of cluster evolution is to infer the initial
conditions of cluster systems and thereby elucidate their significance as
proto-galactic fossils. In particular, researchers have sought to ascertain the size of
the initial population, the initial distribution of cluster masses and their kinematic
properties at the time of formation. The results of such investigations so far
indicate that clusters have evolved considerably since formation. As a result, the
significance of observed clusters as fossils is not obvious.
However, most theoretical research has focused on internally-driven evolution
although it is evident that clusters also undergo a variety of tidal effects due to
their orbits in the host galaxy. Conversely, studies focusing on external effects
have generally not included this refined understanding of internal effects. It has
therefore been difficult to directly infer the degree to which observed cluster
properties have changed through evolution.
The work presented here is an attempt to establish more clearly the primordial
properties of globular cluster systems and shed light on the notion of clusters as
'fossil relics'. These efforts encompass a methodological domain which is needed to
attack the problem formally and numerically, and an astronomical domain in
which the fundamental questions arise.
The initial goal was to develop theoretical and numerical methods to describe
external tidal effects on clusters. By developing these methods in connection with
the Fokker-Planck description of internal evolution, we established a valuable tool
for studying cluster evolution in relation to observations of real clusters-
particularly for investigating the statistical properties of evolving cluster
populations. Chapter 2 presents a comprehensive discussion of this
implementation, the physical significance of external effects and preliminary
implications for Milky Way globulars.
3Given these tools for studying cluster evolution in galactic environments, we
then began to investigate the initial conditions of cluster systems in the Milky Way
and external galaxies. One of the best known cluster systems outside of the Milky
Way surrounds M87, the giant elliptical which dominates the center of the Virgo
cluster of galaxies. Chapter 3 describes our study of this system and applications
to the evolution of globular cluster populations in elliptical galaxies in general.
Finally, in Chapter 4, we return to the original goal of defining the initial
conditions of the Milky Way globular cluster system. This work is still in progress
but the preliminary results show important changes have occurred in the cluster
system.
Each chapter represents a paper which has been or is in the process of being
submitted to Monthly Notices of the Royal Astronomical Society. The text is
unchanged and the original abstract has been given as the lead text prior to the
introduction in each chapter. The appendices have been included at the end of the
thesis as per the University submission requirements but have been separated
according to the chapter in which they originally appeared.
mr
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Chapter 2
The Effect of the Galactic Spheroid on
Globular Cluster Evolution
We study the combined effects of relaxation, tidal heating and binary heating
on globular cluster evolution, exploring the physical consequences of external
effects and examining evolutionary trends in the Milky Way population. Oi
analysis demonstrates that heating on circular and low-eccentricity orbits
dominate cluster evolution. The results also predict rapid evolution on eccentric
orbits either due to strong relaxation caused by the high densities needed for tidal
limitation or due to efficient bulge shocking of low density clusters.
The combination of effects leads to strong evolution of the population as a
whole. For example, within the solar circle, tidally-limited lO^M© clusters lose at
least 40% of their mass in 10 Gyr. At high eccentricity most of these clusters
evaporate completely. Bulge shocking disrupts clusters within 40 kpc which have
less than 80% of their mass within their pericentric inner Lagrange point. Our
results are consistent with suggestions that the shape of the cluster luminosity
function results from evaporation and disruption of low mass clusters; they further
predict that the net velocity dispersion of the cluster system in the inner Galaxy
has decreased with time. Preliminary constraints on formation models are also
discussed. We conclude that the observed cluster system has largely been shaped
by dynamical selection.
2.1 Introduction
Many studies of globular cluster evolution have focused on internal
mechanisms which drive evolution. This work has produced a clear picture in
which initial stellar evolution causes significant mass loss from a nascent cluster
5(e.g. Chernoff & Weinberg 1990); two-body relaxation leads to mass segregation
(e.g. Inagaki & Saslaw 1985) and core collapse in surviving clusters (e.g. Cohn
1980); binary heating halts collapse (e.g. Lee et al. 1991); and the cluster
continuously loses mass due to the escape of stars, eventually undergoing complete
evaporation (e.g. Lee k Goodman 1995).
It is also recognized that the Galaxy influences cluster evolution. The
time-dependent tidal field heats clusters and tidal limitation aids in the removal of
escaping stars. Previous investigations have considered disk shocking, bulge
shocking and tidal limitation, concluding that each will play a role, particularly in
the inner Galaxy (e.g. Spitzer k Chevalier 1973; Chernoff k Shapiro 1987;
Aguilar, Hut k Ostriker 1988; Weinberg 1994). In addition, recent observational
studies showing correlations of cluster properties with Galactocentric position
indicate the measurable influence of the Galaxy (e.g Chernoff k Djorgovski 1989;
Djorgovski et al 1993; Djorgovski k Meylan 1994).
The principal tool used in studies of cluster evolution over the last
decade-and-a-half has been direct solution of the Fokker-Planck equation (Cohn
1979). However, most of these calculations have excluded external effects.
Recently, using time-dependent perturbation theory to investigate disk shocking,
Weinberg (1994) demonstrated that resonant forcing can perturb internal stellar
trajectories beyond the limit expected from adiabatic invariance. This indicates
that the Galaxy plays a greater role in cluster evolution than previously thought
and motivates new studies of cluster evolution which combine internal and
external effects.
The importance of external heating requires us to re-examine the current
picture of internally-driven evolution. In particular, external effects will influence
the collapse rates, evaporation times and general physical properties derived in
previous calculations. The present work compares this behavior with and without
6heating over a wide range of cluster properties to present a revised view. Th,s
study also examines the survival and disruption characteristics of clusters on a
range of Galactic orbits to shed light on the initial conditions of the cluster
system. The results demonstrate that evolution does indeed depend strongly on
position and orbit, further implying that observed cluster properties have been
largely determined through dynamics.
Our study rests on a linear theory of external heating- based on Weinberg's
(1994) treatment of disk shocking- which we include in numerical solutions of the
Fokker-Planck equation. Nearly all previous work has emphasized impulsive shock
heating due to a single passage through the disk or bulge. The work presented
here describes resonant heating due to the time-varying tidal field encountered on
periodic orbits of the cluster in the Galaxy- an effect we refer to as orbit heating.
In this context, shock heating is seen to result from the broad resonances caused
by an impulsively applied external force.
Although our treatment of external heating can include the influence of any
component of the Galactic potential, here we consider only the spheroid in order
to allow precise definition of the physical behavior and preliminary description of
the evolutionary trends. The present study includes heating on cluster orbits in
the isothermal sphere and is used to study cluster evolution from initial King
model states to the point of complete evaporation on a range of orbits in the
Galaxy. Our conclusions, therefore, place only lower limits on the overall rate of
cluster evolution but are significant nonetheless.
The plan of the paper is as follows. We derive the linear theory of external
heating in §2.2 and discuss its physical interpretation in §2.3. In §2.4, the
numerical implementation is described. In §2.5 we present the results of our study
of cluster evolution under the combined influence of internal and external effects.
Finally, in §2.6, we discuss the implications of the results for the Milky Way
7globulars. Readers concerned primarily with the effects of heating and its
evolutionary consequences may skip §2.2 without loss of continuity.
2.2 Derivation of external heating rate
The physics behind the perturbation theory discussed below can be
summarized as follows. Each orbit in the cluster acts like a pendulum with
two-degrees of freedom (cf. Binney k Tremaine 1987, Chap. 3). The
time-dependent tidal field can drive the pendula at a discrete or continuous
spectrum of frequencies depending on whether the perturbation is quasi-periodic
or aperiodic, respectively. Because the temporal variation discussed here is caused
by the cluster's orbit in the spherical component of the Galaxy, the spectrum is
discrete. For disk shocking described by Weinberg (1994), the spectrum is
continuous. In both cases, the energy of each orbit changes as it passes through
the resonance. The accumulated effect of all possible resonances on all orbits,
drives the secular evolution of the equilbrium distribution function (DF). The
expressions given below are valid for both periodic and aperiodic cases.
We compute the evolution by expanding the Boltzmann equation to first order
and solving for the perturbed distribution function (neglecting self-gravity). The
first-order change phase mixes but second order energy input leads to an induced
phase space flux which helps drive cluster evolution. N-body comparisons shown in
Appendix A.5 indicate that the self-gravity of the tidally-induced wake has
negligible effect for cases of interest here.
We use a locally inertial reference frame which is centered on the cluster and
has axes fixed in space (see Appendix A.l for derivation). The unperturbed
Hamiltonian is therefore completely separable, implying the existence of
action-angle variables. This frame allows the internal dynamics to be defined in
accordance with the standard Fokker-Planck technique (e.g. Cohn 1979) which
8uses an energy-space DF f{E) and depends on the adiabatic invariance of the
radial action. Within this framework, we derive a version of the formalism
presented by Weinberg (1994) which describes heating of globular clusters
arbitrary orbits in external potentials.
on
2.2.1 Perturbed distribution function
The linearized Boltzmann equation is a linear partial differential equation i
seven variables. Using action-angle variables, we can separate the equation and
employ standard DFs constructed according to Jeans' theorem (Binney &
Tremaine 1987). The explicit form of the linearized Boltzmann equatLion IS
dt ^ dw dl 01 5w ~ °' (2-1)
where w is the vector of angles, and I are the conjugate actions. The quantities fo
and//o depend on the actions alone. The small variation in Galactic potential over
a typical cluster size allows quadratic expansion of the tidal field (see Appendix
A.l for details). We may thus define Hi = u{r)g{t) and expand in a Fourier series
in action-angle variables (e.g. Tremaine k Weinberg 1984). Each term /n in the
Fourier series is the solution of the following differential equation:
^ + («1 n)fn = il • ~V,mt) il . ^Ha, (2.2)
where O = dE/dl and
(2.3){2Ty
The inhomogeneous equation may be solved using a Green's function (e.g.
Birkhoff Sz Rota 1962, p.39) to give the time-dependence for each coefficient of the
perturbed DF
9/il = ^l-Sui(I)e-^"^£dtVi-"^^^^^^
(2.4)
where we have assumed that the perturbation begins at time
^o-
2.2.2 Heating rate
The rate of change in energy arising from the perturbation follows from
Hamilton's equations (Weinberg 1994). The total phase-averaged change in energy
can be written as
rt oo
= dt Y: (^l • mi-lUl. (2.5)
1= — oc
Substituting for /n from equation (2.4) yields
(E) = -4^^ ^ (1 . n){\ 22)|u,|^ / dtV'«'g(t') , (2.6)
l=-oo -^to
which represents the heat input due to the perturbation during an interval
At = t - to. This expression is valid for finite-duration, aperiodic perturbations
such as disk passage as well as periodic perturbations which arise on regular orbits
in the Galaxy. In particular, Weinberg's (1994) results for disk shocking are
obtained from equation (2.6) by substituting the tidal amplitude appropriate to
the disk profile for g{t') and integrating over the interval (-cx),oo) assuming a
linear trajectory.
For periodic perturbations it is more suitable to derive the asymptotic heating
rate (e.g. Landau k Lifschitz 1965, p. 151). We first expand the tidal ampHtude in
a Fourier series
oo
g{t)= "ne'^'^', (2.7)
n= — oo
and substitute into equation (2.6). Taking the limit t ^ oo and assuming the
onset of the perturbation at to — 0, we obtain
10
(E) = -8.^ £ (1 . . |)nj,p I _ , . ^^^^
^—
~oo n=
— oo
Integrating {E) over inclination and angular momentum, we obtain the change in
energy which defines the induced change in the distribution, given by a
one-dimensional continuity equation in energy space (appropriate to the ID
Fokker-Planck formulation employed below; see Appendix A.3 for derivation):
df
_
1 d
dt ~ 167r2p(E)aB^^^^^^^' (2-9)
where P{E) is the phase space volume. This is called the equation of quasilinear
diffusion in the plasma literature (e.g. Stix 1992). The term quasilinear refers to
the proportionality of the heating rate to the squared amplitudes of the linear
modes. The linear modes arise from the resonant forcing of stellar orbits by a
periodic perturbation. The competition between two-body relaxation and this
externally induced phase space flux can strongly influence globular cluster
evolution, as we will show below.
2.2.3 Heating rate in isothermal sphere
Below we will need the heating rate for a cluster orbiting in the isothermal
sphere. For most galaxies, the small variation in potential over a typical cluster
size allows quadratic expansion of the tidal fleld. Therefore, the perturbing
Hamiltonian is:
Hi = \^l{t)[- cos 2Q{t)x'' - 2 sin 2Q{t)xy - cos 20(Oy' + z% (2.10)
where Q,o{t) — Vo/R{t) is the angular rotation speed at the orbital radius at time t
and Q{t) — j^dt'O. is the instantaneous azimuthal angle of orbit. Using equations
(10) and (11) in Weinberg (1994), we can write the perturbation as a series in
action-angle variables:
11
1 oo 2
1=
— oo
2 Mtt
V 15
(2.11)
where
^
^£ c^u;ie-'^-^r2e'MV^-.)^ ^2.12)
is the inclination of the orbital plane and is a rotation matrix (e.g.
Tremaine k Weinberg 1984). The angle - w, \s the difference between the mean
azimuthal angle W2 and the azimuthal angle in the orbital plane. We substitute
this expansion into equation (2.8) and average over inclination and angular
momentum to derive the heating rate
((£)) = -8^" t /<i'='cJLjf!,(l-n)(l-§)|X|;|^
l=-c11 1 ^ °°
,^T8 + 90^^'^°+60'^'^l^l
r 1
.30
\an\^S{\-n-nuj)
=— oo
^ho ^^i2\2\ |6„|2(5(1 • - no;) L
where
(2.13)
1 fP/^
«n = 7^ / dtVtQ{t)eP J-PI2
inuit
1 (2.14)
1 rPl2
P J-PI2
and P is the period of the cluster orbit.
(2.15)
12
For an isotropic DF, 1 di^ldl = (1 • n)dfo/dE. We also explore the effect of
anisotropy using Merritt-Osipkov models (e.g. Binney & Tremaine 1987). The
distribution function takes the form /o(I) = f(Q), where Q = E± J^jlrl,
1 dUldl = d/„/dg(l
.
n T l,!J,J/n,rl ± I.J/rD. The anisotropy increases with
decreasing anisotropy radius, r^.
2.3 Discussion of physical mechanism
A cluster orbiting in the Galaxy feels a time-dependent tidal field. A typical
orbit is periodic and introduces a periodic external force on orbits of cluster stars.
As described in §2.2, resonant heating occurs when the periods of stellar orbit and
external force coincide, leading to repeated acceleration and increase in the energy
of individual orbits. Integrated over many periods, the energy gained by the orbit
increases linearly with time (c.f. eq. 2.8). Energy absorption eventually leads to
the evolution of individual orbits, (see Appendix A.4 for discussion and numerical
implementation of finite duration resonances). This in turn drives the secular
evolution of the cluster potential.
Orbits can either gain or lose energy to the tidal field depending on the
particular resonance. For example, in disk galaxies with flat rotation curves it is
well-known that the inner Lindblad resonance loses energy to a perturbation while
an outer Lindblad resonance gains energy. However, for isotropic distribution
functions with df/dE > 0, the perturbation always heats the system on average
though some localized regions of phase space may lose energy.
Non-resonant interaction has no net effect on an orbit. Successive maxima in
the external force tend to accelerate and decelerate the star equally, leading to
asymptotic cancellation as long as the initial transients remain linear (i.e. do not
alter the intrinsic frequency of the star with an initial jolt). Over short times,
13
non-resonant heating does occur because the time duration is insufficient tor
complete cancellation to occur.
Non-linear transient or impulsive heating leads to rapid change in orbital
energies as a rapidly applied force 'kicks' a star regardless of its orbital frequency.
However, the standard impulse approximation, when used to describe a periodic
perturbation, ignores the long-term decay of transient energy in the linear limit as
well as the linear growth in energy at the resonances. For most cases of interest,
heating rates are in the linear limit, implying that external influence depends
primarily on secular transfer of energy through orbital resonances.
To illustrate the behavior of transients and transient decay, Figure 2.1
compares the exact time-dependent energy input given by equation (2.6) with the
energy input defined by the asymptotic heating rate equation (2.8). Transients
decay rapidly at low energy and more slowly at high energy. Empirically, we find
that two to three Galactic orbital periods are required before the asymptotic limit
is effectively reached. This treatment therefore adequately describes all but the
outermost halo clusters for which initial transients may still be important. The
comparisons of perturbation theory with N-body simulation shown in Appendix
A.5 demonstrate the validity of the approach.
14
Figure 2.1. Mean change in energy of stellar distribution: theory vs. simulation.
The mean change in energy as a function of internal orbital energy in a Wq 5
King model due to heating on an eccentric k = 0.3 (e « 0.7) orbit after one orbital
period. Comparison of simulation (histogram), exact time-dependent perturbation
theory (equation 6, solid) and heat input calculated from asymptotic heating rate
(equation 8, dotted) shows that initial transients decay strongly at low energy while
impulsive energy change persists at high energy. Horizontal dotted line indicates
the level of accuracy in the simulation.
15
The magnitude of the heating rate is determined by the cluster profile, density
and orbit. The profile and density define the distribution of internal orbital
frequencies and the cluster orbit defines the external forcing frequencies and
amplitude. For a cluster of fixed profile and mass, the density is determined by the
tidal radius. Individual clusters may not be tidally limited due to initial conditions
or heating-driven expansion. Therefore we use the function M{x,) to parameterize
the fraction of the total cluster mass enclosed within the instantaneous pericentric
inner Lagrange point, x,. This function depends on the profile and the ratio of
cluster mean density to the mean density required by tidal limitation. A
tidally-Hmited cluster has limiting radius, = x,, and therefore M{x,) = 1, while
a tidally-unlimited has > x, and therefore M{x,) < 1. Heating rates for a given
orbit increase as M{xp) decreases.
The perturbing potential in the logarithmic sphere, equation (2.10), heats
clusters on orbits of any eccentricity. The tide transfers energy and angular
momentum to the cluster through the resonances, which unbinds stars. On
circular orbits, the tidal field creates a triaxial perturbation of constant amplitude
proportional to rotating with fixed pattern speed On eccentric orbits,
conservation of center-of-mass angular momentum introduces time-dependent
amplitude and rotation rate. This produces more resonances. Tidal torquing can
also induce a net spin.
The rate of external heating is also influenced by our choice of equilibrium
phase space distributions. For example, according to Jeans' theorem, one can
define equilibria in the rotating frame of a circular cluster orbit using the Jacobi
constant, Ej (e.g. Heggie & Ramamani 1994). By transforming to the frame in
which the perturbation is time-independent, we remove the resonances from the
problem. We can therefore choose a bound distribution of orbits in Ej using the
limiting zero-velocity surface, so no stars are lost and the cluster experiences no
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Table 2.1. Processes and parameter dependences
Parameters
J^I^^ Q mi m„ Wo M(a:J M, E k
Relaxation V V V V V V
External Heating y ^ V V V
Core Heating ^ ^ ^/
net tidal heating, although inertial energies and angular momenta are not
conserved. Using f{E) instead of f{Ej) leads to heating in the analogous case
because we cannot choose orbits which are strictly bound. In any case, a real
cluster cannot reach true equilibrium because it is bound and therefore undergoes
relaxation. In fact, as is shown below, it is typically a competition between
external heating and relaxation due to strong resonances with diffused core stars
that strongly influences cluster evolution.
2.4 Fokker-Planck Calculations
To determine the influence of external heating on cluster evolution, we conduct
a series of Fokker-Planck calculations which begin with King model initial
conditions and run through core collapse to complete evaporation. Relaxation is
computed using the multi-mass code of Chernoff k Weinberg (1990) which solves
Henon's (1961) orbit-averaged Fokker-Planck equation. Core heating is included in
the form described by Lee et al (1991) with a time step that supresses stochastic
core osillations. Implementation of external heating is detailed in Appendix A. 4.
The comparisons shown in Appendix A. 5 are used to test the implementation.
Each physical process depends on the input model parameters listed in Table
2.1. The total mass is denoted by Mc and the concentration by Wq. Orbits in the
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isothermal sphere are defined by their energy E and angular momentum J. In
place of absolute angular momentum J, we use the relative angular momentum
« = J/Jma.{E), where J^^,{E) is the angular momentum of a circular orbit with
energy E. The value k = 0 denotes a radial orbit and the value k = 1 denotes a
circular orbit. The apocentric, pericentric and mean orbital radii are denoted
Ra,Rp,Rav, respectively. We represent the Galactic potential as a singular
isothermal sphere with rotation velocity vq = 220 km/s.
We consider a range of initial values for M{x,). If the young, rich LMC
clusters are representative of young globular clusters, M{x,) may be significantly
smaller than unity initially (Elson, Fall & Freeman 1987). Furthermore, as
discussed in §2.5.4.2, formation scenarios can imply varying degrees of tidal
truncation for an individual cluster depending on the local conditions under which
it forms and the orbit on which it travels.
The distribution of stellar masses in the cluster is given by a power-law mass
spectrum, dN/dM oc m"'^, with upper and lower mass Hmits m, and m„,
respectively. Fiducial values a = 2.35, m/ = 0.1 and m„ = 2.0 are adopted in
§2.5.1 to represent the cluster mass spectrum following the period of strong stellar
evolution when relaxation, tidal heating and binary heating dominate cluster
evolution. The importance of stellar evolution diminishes after ~ 1 Gyr for
a = 2.35 and m/ = 0.1 which corresponds to the main sequence lifetime for a 2Mq
A-star. The effect of changing the mass spectrum is explored in §2.5.2.
2.5 Results
2.5.1 Orbital heating and bulge shocking
Because heating rates depend on cluster profile, tidal truncation and orbit,
comparisons in different physical regimes are needed to demonstrate the primary
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influences of heating on cluster evolution. We choose tour specific examples listed
in Table 2.2.
Example 1 compares the relative strengths of heating rates on different orbits
using physically identical clusters, each of which is tidally-limited at its orbital
pericenter. In this case, because the average tidal strength is largest on circular
orbits, heating is also strongest on circular orbits and decreases with eccentricity
(Figure 2.2).
To investigate the effect of heating on long-term evolution, we compare
evaporation times, t,^, for tidally limited dusters of different mass, concentration
and K. Table 2.3 shows t^y normalized by the circular, lO^M© Wq = 5 case
(arbitrary scaling to physical units is provided in §2.5.4.1). In these comparisons,
clusters of a particular mass and concentration are identical and clusters of
differing mass and concentration possess the mean density required for tidal
limitation.
For identical clusters, decreases monotonically with /c, reaching a minimum
for circular orbits. Evaporation times can decrease by a factor of two in circular
cases when tidal heating is included. The relative evaporation times reflect the
relative strength of heating rates shown in Figure 2.2. Heating accelerates
evolution because external forcing efficiently torques and expels high-energy core
stars on radial orbits, as noted by Oh & Lin (1992) in N-body calculations. This
reduces the local relaxation time in the core, enhances relaxation rates and causes
rapid evaporation. Spitzer k Chevalier (1973) noted this effect in certain regimes
of disk shocking, interpreting it as an increase in the core-halo temperature
gradient (see also Chernoff & Shapiro 1987, Weinberg 1994). For the highest
eccentricities, t^y is only slightly shorter than with no heating, demonstrating the
insignificance of high-eccentricity heating in tidally-limited clusters.
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Figure 2.2. Heating rates for Example 1. Heating rates are compared in identical
tidally-limited Wq = 5 clusters on different orbits. Values of k are indicated to the
right of each curve. Heating on circular orbits dominates because the average tidal
strength is highest, decreasing with eccentricity because average tidal amplitude
drops monotonically. Heating rates in circular and k = 0.3 case differ by about 2
orders of magnitude. In the circular case, orbits near the tidal boundary gain 10%
in energy in an orbital time.
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Table 2.2. Example scenarios for a lO^M® cluster
1 TT; r-t 2 V P/ dvn
1 1-0 8.5 8:5 2:5 70 70 To 50
0.9 11.2 9.2 2.1 70 70 1.0 5 0
0.7 19.6 10.3 3.1 70 70 1.0 5 0
0.5 37.8 11.8 5.3 70 70 1 0 5 0
0-3 89.4 13.7 11.3 70 70 1 0 5 0
1.0 8.5 8.5 2.5 70 70 1.0
0.9 9.4 7.6 1.8 63.5 63.5 1.0
5.0
4.3
0.7 10.9 5.7 1.7 48.5 48.5 1.0 2 9
0.5 11.9 3.7 1.7 33.2 33.2 1.0 1.6
0.3 12.4 1.9 1.6 19.3 19.3 1.0 0.7
1-0 8.5 8:5 2:5 70 70 To SJ"
0.9 9.4 7.6 1.8 70 61.4 1.0 5.0
0.7 10.9 5.7 1.7 70 47.6 0.99 5.0
0.5 11.9 3.7 1.7 70 31.5 0.92 5.0
0.3 12.4 1.9 1.6 70 16.4 0.63 5.0
0.3 15.0 2:3 Eg 22.9 22.9 LO 0:9"
0.3 15.0 2.3 1.9 41.3 23.5 0.95 2.3
0.3 15.0 2.3 1.9 48.8 21.1 0.9 2.9
0.3 15.0 2.3 1.9 61.1 20.3 0.8 4.1
0.3 15.0 2.3 1.9 73.2 19.4 0.7 5.4
" (kpc), ^ (100 Myr), = (pc), ' (Myr)
In many cases, evaporation time does not vary strongly with concentration for
the same orbit and mass, indicating that overall mass loss rates are insensitive to
initial concentration. In the exceptional k = 0.9 and 1.0, Wq = 3, lO^M® cases,
heating causes rapid disruption because these clusters have low binding energy and
long relaxation times and are easily torn apart by the tide.
While Example 1 compares heating rates as a function of eccentricity in
identical clusters, the orbits occupy different regions of the Galaxy (c.f. Table 2.2).
In Example 2, we consider clusters in similar regions by comparing tidally-limited
clusters on orbits of equal mean radius. Because they are tidally truncated, these
clusters still undergo the same rate of heating relative to internal energies shown in
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Table 2.3. Evaporation times t,
Wo = 3
(^®) 1-0 0.9 0.6 0.3 nh"
X 0.65 0.95 r27 L29 TSO
^•Q X 0.94 3.69 9.61 10.9 11 2
Wo = 5
^
i^®) 1-0 0.9 0.6 0.3 nh
1-0 X 10' 1.00 1.15 Tm ut Ess"
5-0 X 10^ 3.20 4.25 5.64 6.10 6.20
1-0 X 10^ 5^ 7.01 10.31 11.43 11.82
Wo ^7
(^q) 1.0 0.9 0.6 0.3 nh
1-0 X 10' 1.12 1.27 L40 L41 L42"
^•0 X 10' 3.97 4.70 5.95 6.25 6.37
1-0 X 10^ 6.35 8.29 11.06 11.96 12.13
nh denotes no heating
Figure 2.2. However, cluster densities vary due to differences in orbital angular
frequencies. For fixed cluster mass, this implies that tidal radii will vary.
The tidal radius decreases with the increased perigalactic angular frequency
at higher eccentricity. This increases the mean density and decreases the
dynamical time tdyn, producing shorter relaxation times, larger evaporation rates
and, as a result, shorter lifetimes as compared to Example 1. A cluster with
AC = 0.3 in Example 2 will evaporate in 1/7 the time of a cluster with k - 0.3 in
Example 1 and 1/5 the time of a cluster with «; = 1.0 (the circular case).
Since cluster orbits are generally unknown, the degree of tidal truncation at
pericenter cannot be directly inferred. So, in Example 3, we assume that an
observed cluster lies at its average orbital radius for a range of eccentricity and is
tidally limited for zero eccentricity. The mass within the pericentric inner
Figure 2.3. Heating rates for Example 3. Tidally-limited circular case (dashed
line) is plotted for reference. For k = 0.7, heating increases strongly in mildly
tidally-unlimited cluster compared to Example 1. For « = 0.3, distribution with
E > —0.3 undergoes strong shocking on orbital time scale.
Lagrange point M{xp) can be substantially less than unity on eccentric orbits
(Table 2.2). This leads to stronger heating than found on the same orbits in
Example 1 (see Figure 2.3). For k = 0.7 the heating rate is much larger than in
Example 1 even though only small amounts of mass overlie Xp. For k — 0.3 strong
impulsive heating or bulge shocking (e.g. Aguilar et al 1988) occurs due to the
increase in tidal ampHtude.
Example 4 shows the dependence of heating rates on degree of tidal truncation
for a fixed k — 0.3 orbit. Figure 2.4 illustrates the dependence of heating on both
Figure 2.4. Heating rates for Example 4. Shoclcing develops slowly as M{xp)
decreases. For M{xp) ~ 0.95 heating of the tail is slightly stronger than in the
tidally-limited circular case (dashed line). Heating at low energies is substantially
less. Strong impulsive heating or bulge shocking of the tail of the distribution will
occur for M{xp) < 0.9.
K and M{xp): significant heating will occur on orbital timescales for k = 0.3 and
M{xp) < 0.9. Strong heating for k > 0.3 will also occur because these orbits have
larger heating rates for the same value of M{xp). Table 2.2 shows the variation in
cluster size and dynamical time with tidal truncation, indicating the corresponding
variation in mean density.
The evolutionary consequences of the heating rates in Example 4 are shown in
Table 2.4. Clusters of different mass and concentration have equal M{xp) on the
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•4. Bulge shocking evaporation times (Example 4)
^0 = 3 M{xj,)
Mc{Mq) 1.0 0.95 0.9 0.8 0 7
1^^^^^^ O O LI 0.4 0 2
1.0 xlO^ 10.9 2.4 0.8 0.4 0 4
^0 = 5 M{xj,)
Mc{Mq) 1.0 0.95 0.9 0.8 0.7
1.0 X 10^ O 2A 2J 1.0 0.5
1.0 X 10" 11.4 12.1 5.2 1.5 0.5
^0 = 7 M{xp)
(Mq) 1.0 0.95 0.9 0.8 0.7
1.0 X 10^ O 2?7 2A 2l W
1.0 X 10" 12.0 16.0 23.4 13.8 7.5
same orbit. Weakly bound clusters disrupt more easily because the resonances
occur more deeply within the system. Survival of H^o = 3 clusters decreases
strongly with M{xp). Conversely, for small reduction in M(xp), survival of Wq = 5
and Wo -7 clusters is enhanced as increased heating is offset by diminished
relaxation. For Wq = 5, maximum enhancement occurs at M{xp) ~ 0.95. For
Wo = 7, higher binding energies lead to even longer lifetimes for more severe
truncations. Further reductions in M{xp) eventually lead to rapid disruption due
to strong tidal shocking.
These results define a rough criterion for bulge shocking: for Wq < 5 and
K > 0.3, bulge shocking will occur for M{xp) < 0.9. Disruption for fixed M{xp)
and K also implies disruption for larger k because heating rates increase with k.
For K < 0.3, bulge shocking requires even smaller M{xp) to cause disruption.
This series of comparisons establishes three important aspects of tidal effects
on different orbits in a spherical potential: 1) low-eccentricity and circular orbit
25
heating for tidally-limited clusters strongly accelerate evolution; 2)
high-eccentricity heating has little effect in tidally-limited cases but the high mean
density found for typical orbital radii in the Galaxy leads to short relaxation and
evaporation times; 3) high-eccentricity heating, or bulge shocking, becomes
important when clusters are tidally-unlimited, although the exact effect depends
on M{xp), «, Wo and M^.
Finally, an important consequence of strong tidal heating is suppression of the
gravothermal instability. Although this may cause expansion and disruption,
relaxation slows the expansion and can still produce mass segregation (Figure 2.5).
Therefore, mass segregation does not necessarily imply core collapse, a possibility
that does not arise when neglecting external heating (e.g. Chernoff & Weinberg
1990; Drukier, Richer k Fahlman 1992). Observed clusters with King profiles and
strong mass segregation (such as M71) may reflect the influence of strong tidal
effects.
2.5.2 Influence of Mass Spectrum
The mass spectrum controls the rate of relaxation and interplay with external
heating. Clusters with steep mass spectra or a narrow range of low mass stars have
lower relaxation rates than do clusters with shallow mass spectra or a wide range
in stellar mass (e.g. Chernoff k Weinberg 1990). Here we examine the competition
between external heating and relaxation over a range in a and in unheated and
circularly heated tidally-limited clusters.
Circular heating reduces evaporation times over a range in a (Table 2.5).
Roughly a factor of three reduction can occur for a = 3.35. Differences between
heated and unheated clusters increase with a because the slower relaxation rates
at high a are more readily enhanced. In addition, for fixed mass and
concentration, heating reduces differences in evaporation time which depend on a.
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Figure 2.5. Radial dependence of mass spectral index in disrupting cluster. The
cluster is dominated by bulge shocking with V^o = 5, = 10^M©, M{xp) = 0.8. at
is the initial spectral index. is the half-mass radius. Tidally disrupting clusters
may show evidence of mass segregation. In this case bulge shocking suppresses
core contraction, leading to expansion and disruption. The profile is approximately
Wq = 4 and the remaining mass is Mc = 2.3 x 10''M©.
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3 2.5. Times of core collapse and evaporation
Mc (Me) 1.35 2.35 3.35
^p^l
5.0 X 10^ 2.7 3.2 5.3 heated
4.4 6.3 14.1 unheated
1.0 X 10^ 4.3 5.2 8.2 heated
8.6 12.3 25.9 unheated
5.0 X 10^ 1.6 1.6 2.1 heated
2.2 1.9 2.3 unheated
1.0 X 10^ 2.7 2.7 3.6 heated
4.0 3.1 4.4 unheated
Wo = l a
Mc (Me) 1.35 2.35 3.35
5.0 X 10^ 2.8 4.0 7.4 heated
4.3 6.1 14.0 unheated
1.0 X 10® 4.9 6.4 11.8 heated
8.1 12.1 26.8 unheated
5.0 X 10^ 0.56 0.37 0.41 heated
0.59 0.37 0.38 unheated
1.0 X 10® 1.06 0.71 0.76 heated
1.06 0.71 0.76 unheated
mi = 0.17W©, m„ = 2.0M,
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Table 2.6. Mass at core collapse
Mc (Mq) 1.35 2.35 3.35
5.0 X 10^ 0.39 U.54 0.59 heated
0.65 0.88 0.93 unheated
1.0 X 10^ 0.30 0.43 0.50 heated
0.65 0.88 0.93 unheated
M, (Mq) 1.35 2.35 3.35
5.0 X 10^ 0.82 0.90 0.92 heated
0.93 0.98 0.99 unheated
1.0 xlO^ 0.78 0.87 0.90 heated
0.93 0.98 0.99 unheated
m, = O.IMq, m„ = 2.0A/©
Heating also reduces core collapse tiraes t^c up to 33% (Table 2.5) and masses
remaining at core collapse up to a factor of two (Table 2.6). High concentration
clusters maintain the same core collapse times in all cases but show decreased
mass at core collapse.
The non-monotonic behavior of core collapse time with spectral index was also
found by Inagaki (1985 Table II) in Plummer law initial profile and ChernofF &
Weinberg (1990 Table 4) in King models. This indicates a complex relation
between concentration, mass segregation and core collapse. Heating supresses this
behavior for Wq = 5.
Evaporation times decrease with increasing (Figure 2.6). The decrease in
tev with increasing mass range results from enhanced relaxation caused by a more
extreme mass segregation instability. A 25% range in the duration of strong stellar
evolution for a = 2.35 gives a range in mass limits of 1.9 < < 2.2 and results in
very small differences in evaporation time.
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Figure 2.6. Dependence of central density evolution on range of internal stellar
masses. Central density evolution for Wq = 5, IO^Mq clusters on circular orbits with
a — 2.35, mi =0.1 and as indicated. Evaporation occurs at the termination
of each central density curve. Evaporation times vary by no more than 10% for
the expected range 1.9 < < 2.2 in initial upper mass limit for q = 2.35.
Evaporation times decrease with increases mass due to the enhanced mass
segregation instability.
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2.5.3 Influence of Anisotropy
Another internal property that determines the influence of external heating is
the anisotropy of the stellar orbit distribution. Figure 2.7 shows the variation of
heating rate with anisotropy radius within a cluster. Heating increases with
anisotropy due to efficient impulsive heating of radial orbits at apocenter.
However, heating rates for r„ = 2.5 unbind orbits with E > -0.25 in one orbital
period and quickly alter the DF. The relaxation time is roughly 100 crossing
times, so diffusion cannot maintain the assumed level of radial anisotropy in the
cluster halo. We estimate that anisotropy radii of r„ > 5.0 are sustainable through
relaxation. The interplay between heating and anisotropy seen here provides
strong incentive to study the evolution of fully anisotropic DFs.
2.5.4 Evolution in the Milky Way
2.5.4.1 Scaled evaporation times
The dimensionless evaporation times for tidally-limited clusters discussed in
§2.5.1 may be scaled to physical units using the following relation
tphys = 1.1 X lO^i X tev, (2.16)
where i is the orbital period at the tidal radius
and
The quantity ^'^{k,^ Ra) is the effective perigalactic angular frequency of an orbit of
given K and apocentric radius /}*„ due to tidal strain and centrifugal force (defined
in Appendix A. 2).
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Figure 2.7. Heating rates for clusters with radial anisotropy. Heating rates are
shown for clusters on circular orbits with indicated anisotropy radius. For = 2.5,
the anisotropy parameter P = l-v^/v^ = 0.17 at the half-mass radius. Energy input
increases due to efficient impulsive heating of radial stellar orbits at apocluster.
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Figure 2.8. Evaporation times for tidally limited clusters. Evaporation times vs.
apogalacticon for Wq =r- 5 (solid) and Wq = 7 (dashed). Low mass clusters evaporate
within 10 Gyr in inner Galaxy to apogalactic radii as shown. Strong heating drives
low eccentricity clusters to evaporation while high densities of tidal limitation drive
high eccentricity clusters to evaporation. Evaporation of ac = 0.3, IG^M© occurs out
to average radii of 15 kpc.
As an example, the dimensionless evaporation times given in Table 2.3 are
scaled to a range of apogalactica in Figure 2.8. Clusters evaporate over a wide
range of Galactocentric radii depending on k. In 10 Gyr, clusters on circular orbits
evaporate within 3 kpc, while those on k = 0.3 orbits evaporate out to average
radii of 15 kpc.
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2.5.4.2 Survival and disruption
Here we present a simple evolutionary scenario in which clusters form at
apocenter with a range of mean density parameterized by p.^.^MR). the Fall-Rees
(1985) critical cloud density at Galactocentric radius R. This parameterization is
chosen to allow normalization with respect to a particular model. Other models
(e.g. Harris & Pudritz 1994; Murray k Lin 1992) can be similarly evaluated given
expressions for initial protocloud densities as a function of Galactocentic radius. A
range of density is used to define a range of M{x,) for clusters at each radius,
thereby illustrating characteristics which are independent of any particular model.
We only consider relaxation, external heating and binary heating although gas
removal and stellar evolution will play an important role following formation.
These effects should weaken the potential and increase disruptive tendencies
described here.
In the first case, clusters form on eccentric k = 0.3 orbits (e.g. Eggen,
Lynden-Bell and Sandage 1962). Figure 2.9 shows the resulting pattern of survival,
disruption and evaporation for 10^ and 10^M© clusters after 10 Gyr. Clusters
initially with lO^M© do not surive within = 15, reflecting the evaporation
times shown above. Lower density clusters suffer disruption to even larger
distances. High mass clusters with M{xp) <> 0.8 can suffer disruption but none can
evaporate.
Cluster formation on less eccentric ac = 0.7 orbits shows the same qualitative
pattern of survival, evaporation and disruption as above (Figure 2.10). The
consequences are less severe because the density contrast between formation at
apocenter and tidal limitation at pericenter is not as great. In this case, low mass
cluster survival is limited to regions beyond 5 kpc for clusters which are nearly
tidally-limited.
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Figure 2.9. Bulge shocking of proto-clusters for tz = 0.3. Contours of log mass
(solid) show survival and disruption of proto-clusters with an initial Wq = 5 profile
after 10 Gyr due to tidal effects on k = 0.3 orbits. Contours are in the range
3.75 < logM < 4.5. Ray indicates average orbital radius and Pcrit,FR is the Fall-Rees
(1985) critical cloud density at radius R. Dotted contours show lines of equal M{Xp).
Left: IO^Mq clusters with p « Pcrit,FR{R) evaporate due to high initial densities,
lower density clusters disrupt from bulge shocking and clusters with M(xp) 0.95
survive longest due to balance between heating and relaxation. Right: a density of
^^Pcrit,FR leads to bulge shocking and disruption in lO'^M© out to Rav ~ 10A;jDC.
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Figure 2.10. Bulge shocking of proto-clusters for k = 0.7. As in Fig. 2.9 but on
K = 0.7 orbits. Left: high density IO^Mq clusters evaporate, low density clusters
disrupt due to extreme tidal heating and clusters survive at larger radii. The
convergence of contours into the upper left corner is a numerical artifact caused
by mean densities beyond the range of our calculations. However, these clusters
also evaporate because of the high densities. Right: low density clusters disrupt at
densities roughly 30% of the mean density for tidal limitation out to 15 kpc due to
strong tidal heating
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2.6 Implications for Milky Way Clusters
The calculations presented above bear on our understanding of the observed
mass and space distributions of Galactic globular clusters. We summarize some
relevant properties for reference. In the Djorgovski (1993) compilation, 65% of 130
clusters with distance estimates lie within the solar circle. The overall peak of the
luminosity function of Galactic globulars is =
-7.36 (Harris 1991)
corresponding to a mass of 1.5 x 10^ (where M/L^ = 2). The luminosity
function varies little in this inner region.
Our results imply that the observed characteristics of this inner population
have evolved with time. Because IO^Mq clusters evaporate or lose large amounts
of mass in a Hubble time in the inner Galaxy, clusters at the peak of the
luminosity function have evolved from higher mass. For example, at 6 kpc clusters
on circular orbits with M„ = -7.36 will evolve to M„ = -6.8 in 10 gyr, losing
roughly 40% of their initial mass. Inside the solar circle, clusters near the present
peak had at least 30% more mass, depending on the orbit.
Many clusters will also have vanished. We predict that evaporation and
disruption of lO^M© clusters occur within 3 kpc for «; = 1.0 and within apocentric
radii Ra = 20 kpc for k - 0.3. For intermediate k, the destruction region is
bracketed by these limiting cases. These results buttress arguments based on
two-body relaxation times that the shape of the luminosity function stems from
evaporation and disruption of a larger initial population of low mass clusters (e.g.
Larson 1996, Okazaki k Tosa 1995).
The dependence of survival on orbit implies that the kinematic distribution of
clusters has evolved as well. Clusters on high eccentricity orbits in the inner
Galaxy are least likely to survive due to both evaporation and bulge shocking.
This suggests a decrease in the net velocity dispersion for the rotating system of
metal-rich and inner halo metal-poor clusters (Zinn 1993). This tendency may also
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partially account for observed differences between the kinematics of halo field stars
and metal-poor globular clusters (e.g. Aguilar et al. 1988).
Finally, survival also depends strongly on initial cluster densities. Destruction
is more pronounced for clusters with low initial density and low initial
concentration due to bulge shocking. Bulge shocking can disrupt massive lO^M^
clusters on eccentric orbits out to 40 kpc provided M(r,) <, 0.8. However, a proper
assessment of the initial distribution of cluster densities requires cosmogonical
considerations.
We conclude that the segment of the cluster population which is native to the
Milky Way or which was accreted at an early time represents a dynamically
selected sample, with current masses, orbits and densities all favored for survival
over a Hubble time of evolution. Tidal interaction with the Galactic disk will
amplify these effects. Details will be described in a subsequent paper.
2.7 Summary
The key conclusions are as follows:
1. Time-dependent heating on low-eccentricity orbits accelerates evolution and
sharply reduces evaporation times.
2. Tidally limited clusters on high-eccentricity orbits have high internal density,
leading to short evaporation times even though heating rates are negligible.
3. Bulge shocking on high-eccentricity orbits can rapidly disrupt clusters over a
wide range in mass and apogalactic radius when their densities are roughly a
factor of 10 below the mean density required for tidal limitation.
4. Evaporation and disruption have shaped the mass, orbit and density
distribution of clusters. In particular, clusters at the peak of the luminosity
function had at least ~ 30% more mass depending on orbit. Evaporation on
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high-eccentricity orbits ha. decreased the velocity dispersion in the cluster
kinematic distribution.
Secondary results are as follows:
1. Evaporation times do not strongly depend on concentration in most cases.
However, heating can lead to rapid disruption in massive clusters with low
concentration because of the low binding energy and long relaxation time.
2. Clusters disrupting due to heating may still show signs of mass segregation
due to continued relaxation.
3. Heating accelerates evolution over a range of mass spectral index and reduces
the dependence of evaporation time on different initial mass spectra.
4. The development of anisotropy through relaxation in the core will increase
evolutionary rates found in the isotropic distributions investigated here.
Chapter 3
Globular Cluster Evolution in M87 and
Fundamental Plane Ellipticals
The globular cluster population in M87 has decreased measurably through
dynamical evolution caused by relaxation, binary heating and time-dependent
tidal perturbation. For fundamental plane ellipticals in general, cluster
populations evolve more rapidly in smaller galaxies because of the higher mass
density. A simple evolutionary model reproduces the observed trend in specific
frequency with luminosity for an initially constant relationship.
Fits of theoretically evolved populations to M87 cluster data from McLaughlin
et al. (1994) show the following: 1) dynamical effects drive evolution in the initial
mass and space distributions and can account for the large core in the spatial
profile as well as producing radial-dependence in the mass spectrum; 2) evolution
reduces Sn by 50% within 16kpc and 35% within 50kpc, implying that Sn was
initially 26 in this region. We estimate that 15% of the 'missing' clusters lie below
the detection threshold with mass less than lO^M®.
3.1 Introduction
Observations of some giant elliptical galaxies reveal globular cluster systems
which appear more extended than the host (Harris 1991). A particularly
well-documented example belongs to M87 with a core radius of 7 arc sec and a
cluster system with a core radius of 1 arc min (McLaughlin 1995). However,
because a cluster population evolves dynamically due to both internal and external
processes, the currently observed population almost certainly differs from the
primordial one, complicating the interpretation.
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Researchers have attempted to explain the extended core of the M87 cluster
distribution as the evolved remnant of an initial profile which more closely
resembled the light. However, neither dynamical friction nor shocking by a
compact nucleus can fully account for this feature. Lauer & Kormendy (1986)
found that a dynamical friction induced inflow can broaden an initially peaked
spatial distribution but not at the observed scales. Ostriker, Binney & Saha (1989,
hereafter OBS) subsequently determined that nuclear tidal disruption is viable
only if clusters formed exclusively on box orbits.
Another potential mechanism is cluster evaporation through dynamical
evolution. Recent work in this area demonstrates that evaporative mass loss driven
by relaxation and heating due to a time-varying tidal field can lead to strong
evolution of the Milky Way cluster population in a Hubble time (Weinberg 1994,
Murali k Weinberg 1996, hereafter MW). In this paper, we examine these
influences on cluster evolution in the dense inner regions of M87 and find that they
produce the observed flattened profile from a peaked initial distribution over a
wide range of initial conditions. Direct estimates of initial conditions using
dynamically evolved parametric models of the spatial distribution and cluster mass
function indicate that roughly 35% of the initial population dissolves or evolves
below the detection threshold leaving the large core as a result. Furthermore, the
decay in the size of the cluster population corresponds to a decrease in the specific
frequency of globular clusters, S'yv, which denotes the number of clusters per unit
galaxian luminosity with L measured in units of My = -15.
The high values of ^'at found in giant ellipticals have become a key point in
galaxy formation arguments and suggest, for example, that the cluster system
formed along with M87 (e.g. Harris 1991; van den Bergh 1995). Here we show that
cluster systems decay more rapidly in less luminous fundamental plane ellipticals;
this leaves larger values of Sn in luminous galaxies at the present epoch even if all
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ellipticals begin with equal S,. Our results thus provide at least a partial
explanation for the observed trend of Sn with L.
The plan of the paper is as follows. We summarize our choices for the duster
population and the mass model for M87 in §3.2. The assumptions and method for
dynamically evolving the population is presented in §3.3. The main results, the
statistical comparison of the observed clusters to the theoretical models, is
presented in §3.4. This includes an exploration of the evolutionary trends, best fit
spatial profiles and mass functions, and an inference of the primordial population.
In §3.5, we discuss the discuss the importance of the fundamental plane properties
on the observed relation between specific frequency and luminosity A summary is
given in §3.6.
3.2 Cluster population
We assume that the cluster population formed in an initial burst
approximately 11 Gyr ago. Stellar evolution dominated cluster evolution for the
first Gyr for a Salpeter IMF (/3 = 2.35) with m, = 0.1 M®, corresponding to the
main sequence lifetime of 2 M© A-star. Our zero-age population represents the
epoch when, approximately 10 Gyr ago, relaxation, external heating and core
collapse heating began to drive cluster evolution.
The fiducial calculations represent zero-age clusters as VFq = 5 King models.
Comparison calculations using Wq = 7 clusters show nearly identical evolution over
the long time scales of interest, in agreement with the results of MW where overall
evaporation times were found to depend weakly on concentration in the range
5 <Wo < 7. We expect similar trends in evolution for Wq - 3 clusters (c.f. MW),
except in high mass, low-eccentricity cases where tidal heating leads to rapid
disruption. These clusters enhance the destruction rate described below, but
constitute a very small fraction of expected initial populations.
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Table 3.1. Cluster Initial Conditions
Structural paramptf^rg t?-j • i ,
~U ir^iJ] ^ ^ iQucial value
yvo King concentration parameter Wq = 5,
7
cluster limiting radius tu.i r u\-
"XT— 1—, ^
i<x^iU5 limitationMass spectra parameter^
^ f^^^^^"Sea7d~index: N{^^^)^^ 2.35 (Salpeter)"
m, lower mass limit
= 0 1
upper mass limit ^ ^ 2 n
Orbital parameters
ter
« relative ang. mom.: J/J^a,{E) distribution
Each cluster is tidally limited on its orbit in the host. While initial cluste
densities may differ from the mean density required by perigalactic tidal
limitation, subsequent evolution during the first Gyr leads rapidly to tidal
truncation or disruption. The limiting or tidal radius Rt is uniquely determined
by the cluster mass and orbit. Table 3.1 summarizes the choice of parameters for
individual clusters.
To represent the cluster mass distribution, i/(M,r), we use pure power laws
(e.g. Harris k Pudritz 1994), power laws whose exponents have a linear
dependence on radius, and a Gaussian magnitude distribution (e.g. McLaughlin,
Harris k Hanes 1994, MHH). Power law mass distributions have been proposed on
physical grounds by Harris k Pudritz (1994) while the Gaussian is commonly used
as a convenient fitting function for the observed cluster luminosity function. To
represent the spatial distribution of the cluster population in the primary, we use
power law densities with and without a core derived from isotropic distribution
functions, f{E). Orbital isotropy is assumed due to lack of observational
constraint.
Adopted models are given by joint distributions u{M,r) x f{E) and are
summarized in Table 3.2. The Model 1 and Model 2 families use power law mass
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Table 3.2. Population models
Model la jp^ ^
Model lb p^r-^ ^'^
Model Ic po(r? + r^)-/^ I r l
_ModeUd____po(r^^
^' I
Model 2a ~^r,
'F^y^^^oTTT^i . dVIdM nV a
Model 2b
,o(r? + r^)-/^ e^-voV^^ . IZvl.y
and Gaussian magnitude distributions respectively. Within each family, successive
models have additional parameters to explore varying core sizes and radial
dependence of the mass spectral index. Detailed derivation of models from the
underlying distribution function is given in Appendix B.l.
Finally, we represent the potential of M87 as a singular isothermal sphere, with
rotation velocity Vo = 606 kms'^ (e.g. OBS), velocity dispersion a = 350 kms"!,
and assume a distance of 16 Mpc (van der Marel 1992). This defines a length scale
of 77.6 pc per second of arc. Further discussion of potential and distance scale is
given in Appendix B.2.
3.3 Cluster evolution
Competition between internal relaxation and heating due to external forcing
may dramatically affect a cluster's evolutionary time scale and survival history. In
addition to impulsive heating of a cluster halo—in a gravitational bulge shock, for
example—resonances between the cluster's own orbital motion and internal stellar
trajectories may heat cluster stars beyond the limit set by adiabatic invariance
(Weinberg 1994). For tidally-hmited clusters resonant heating on low-eccentricity
orbits and tidal limitation on high-eccentricity orbits drive rapid cluster evolution
and evaporation (see MW for details). The strength of these effects motivates this
study.
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The evolution of individual clusters includes two-body relaxation ,n the
one-dimensional Fokker-Planck approximation (e.g. Cohn 1979), external heating
due to the time-varying tidal field (MW), and a phenomenological binary heating
term (e.g. Lee et al. 1991).
We take advantage of the scale-free galaxian profile by fixing orbital energy E
of all clusters, choosing an initial grid of tidally-limited dusters in k = J/J^^^^E)
and mass, and computing the evolution to complete evaporation. The quantity
Jmar{E) denotes the maximum angular momentum of an orbit with energy E.
This grid may then be scaled to all desired orbital energies. The time evolution of
the space density for the entire population is then constructed by determining the
phase space distribution at the desired time using the evolutionary calculations
and projecting appropriately.
Although we specifically consider M87, the results apply to any elliptical with
similar profile. For example, we can scale evolution to any fundamental plane
elliptical. Because the period decreases with mass, the same initial population will
be more evolved for smaller mass primaries (see §3.5 for more discussion).
3.4 Results
3.4.1 Evolution of the core
An initially peaked cluster distribution develops a flattened core through
dynamical evolution of individual clusters, as shown in Figure 3.1. In the dense
regions of the inner galaxy, rapid mass loss due to relaxation and tidal heating can
cause complete evaporation of a cluster or drive it below the observational limit.
Rapid relaxation results from the high densities imposed by tidal limitation while
tidal heating strongly enhances evaporation rates on low-eccentricity orbits. The
resulting profiles are similar to the profile derived in McLaughlin (1995).
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log R (kpc)
Figure 3.1. Surface density of evolved cluster system. Surface density inferred from
observations (open squares) compared to Model la for indicated values of mass
spectral index a and initial r^^ (7; = 3) profiles (solid curves). Rapid evolutionary
rates of low mass clusters produce flatter cores for larger a.
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The overall shape of the evolving profile depends on both the initial n.ass and
space distribution of the clusters. Consider the following Unfits. For a fixed spatial
profile, a distribution rich in low mass clusters evolves rapidly due to short
evaporation times while for a fixed mass distribution, a sharply peaked spatial
profile develops a smaller core than a shallow profile. Taken together, the two
trends produce a correlation between the inferred initial mass distribution and
density profile: a large population of low mass clusters can rapidly flatten a steep
initial profile while, conversely, a large population of high mass clusters allows a
flatter initial profile to evolve slowly to the same final shape. Observations of the
cluster mass distribution will distinguish between the different initial conditions.
3.4.2 Estimates of initial conditions
The evolved cluster populations described in §3.3 are compared to observed
cluster datai using a maximum likelihood estimator which combines model and
background surface densities with incompleteness measurements. The background
surface density is taken to be 6.33 per arcmin^ with a uniform luminosity function
(MHH). Point sources He in the region 1.21' <R<r (the field edge), centered on
M87, with apparent limiting magnitude V = 24. We use a mass-to-light ratio
{M/L)v =2 to convert luminosity to mass. Note that larger M/L will shift the
population to higher mass, implying less evolution, while smaller M/L will have
the opposite effect. For < 1.21', the authors provide 3 binned points
(McLaughlin 1995). A joint x^-Hkelihood estimator is used to include all data
points. Details of the estimation procedure are provided in Appendix B.3.
We fit both dynamically evolved distributions and unevolved distributions
based on the models presented in Table 3.2. In the case of dynamically evolved
models, the quoted values represent initial conditions (labeled by 'initial'). In the
^The data have been kindly supplied by McLaughlin k Harris (1995)
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Table 3.3. Model 1 fits
-^^^ ' -
-0 ... K
.log L
L95 0,03~~~
^ 69502:9"
^l;68a09^.01 0.004 69501.3
MoHpI 1
initial 3,03__0J2_5^67 0.94 1.93 0.04 - . 69499
Model 1d-
initial 3.13 0.10 5.70 0.40 1.61 0.10 0.014 0.004 69492^8
^ ,
Table 3.4. Model 2 fits
1 ^
-log L
initial 2.77 0.05 - r'^'y-^^
^ ^ ^ ^^^^^ ^
Model OU
present 3.10 0.13 7.32 0.80 7.33 0.10 1.08 0 07 69468 7
initial 3.14 0.12 5.14 0.77 -7.07 0.17 1.19 0.08 69485.3
case of unevolved models, the quoted values represent the best fit parameters at
the present epoch (labeled by 'present'). Only models with cores are considered in
the present epoch fits because coreless models poorly represent the data.
Tables 3.3 and 3.4 present the best estimates and their variances (cf. Table
3.2). Comparison of present epoch and initial parameter estimates illustrates
several expected evolutionary trends. The core of the distribution grows due to the
depletion of clusters in the inner regions of the galaxy. The power law index a
decreases, while the Gaussian magnitude peak Vq and slope K of the
radially-dependent power law both increase as a result of the selective evaporation
of lower mass clusters. The increase in K also indicates that depletion occurs
primarily in the inner regions. The following cases show specific features of these
trends.
We plot the marginal probability density in Vq and ay for Model 2b in Figure
3.2. The best estimate for Vq decreases with time as low mass (and therefore high
Figure 3.2. Confidence levels for Vq and oy. 95% and 99% confidences for marginal
density in Vq and oy for present (dashed) and initial (solid) Model 2a fits. Points
indicate best-fit values. Vertical line shows magnitude limit.
V) clusters disappear. However, the assumption of identical initial and present
epoch values cannot be ruled out since the values of Vq are only weakly
inconsistent (cf. Table 3.4). The lack of constraint could result from the shallow
magnitude limit of the data. Both fits are consistent with distributions which peak
below the limiting magnitude of V = -7.
Model Id suggests that there is radial dependence in the mass distribution
(Fig. 3.3). Both present epoch and initial fits are inconsistent with a constant
mass spectral index [K — 0) and indicate that dynamical evolution has enhanced
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Figure 3.3. Confidence levels for a and K. 75%, 90%, 95%, and 99% confidences for
marginal density in a and K for present epoch and initial Model Id fits. Points mark
best-fit values. The initial spectral index shows mild radial dependence increasing
from a central value of 1.61 to 1.97 at 30 kpc in the best-fit case.
the radial dependence. In the core region, the present index a^lA. We note that
these results conflict with those of MHH and McLaughlin k Pudritz (1996), who
find no radial dependence in the mass distribution.
3.4.3 Comparison of models
The previous section examined the results of trends in the evolution of the
cluster population within several model families. Here, we identify the best overall
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representation among the initial models after 10 Gyr of evolution usmg a
generalized likelihood ratio test (e.g. Martin 1971).
The final column in Table 3.3 shows that the most general model gives a
better estimate in each case, as expected. In particular, Model Ic can be rejected
in favor Model Id, a result which is consistent with the confidence surfaces for the
radially-dependent mass spectrum plotted in Figure 3.3.
Model 2b generalizes Model 2a by introducing arbitrary zmtial core size. A
finite core does provide a better estimate but zero core (Model 2a) cannot be
rejected. Figure 3.4 compares the surface density profiles of these two models. The
Model 2b fit falls below the observed profile at small radii due to the shallow
initial core. However, the binned surface density points have relatively low weight
in the full data set. The good fit of Model 2a to the inner data points suggests
that a more peaked initial distribution may provide the optimal fit. The use of
individual cluster counts in this region should help provide the necessary
constraint. The deviation of the present epoch fit from the data further suggests
that evolution plays an important role in shaping the profile.
Finally, we compare the most general power law mass function model. Model
Id, with the most general Gaussian magnitude model, Model 2b, by constructing a
linear combination of both spaces and searching for the global maximum. The
maximum occurs at the best-fit parameters for Model 2b: the Gaussian magnitude
distribution describes the data significantly better than any power law mass
distribution. As discussed above, the Gaussian may be poorly constrained by the
limiting magnitude of the data. However, examination of the estimated functions
shows that the power law is more peaked at low mass than the Gaussian both
initially and finally, while the Gaussian has more weight at high mass. These
differences in shape also lead to the statistical preference of the
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Model 2a
log R (kpc)
log R (kpc)
Figure 3.4. Comparison of Model 2a and 2b surface densities. Comparison of
predicted surface density profiles (solid) with binned data. Initial profiles (dotted)
and present epoch Model 2b fits (dashed) are also plotted. Both the model with
initial core and the present epoch fit deviate from the data in the inner region.
test
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Table 3.5. Evolved model comparisons
-21nA^ f/" accept reject confidence
Ic-ld 14.0 4
^ 99%-
2a-2b 3.8 4 ^ 60%
J±?^ ^:2__L____^ V 96%
- 2 In A is likelihood ratio
'i' is number of degrees of freedom
Gaussian luminosity function over the spatially constant power law and its
radially-dependent generalization.
Table 3.5 summarizes the conclusions of the tests comparing the initial
conditions and lists the likelihood ratios and confidence values. In the first two
cases, the likelihood ratios follow directly from Tables 3.3 and 3.4. In summary, we
find that the initial Gaussian magnitude distribution best describes the data, but
that we cannot distinguish between singular density profiles and densities with
core. Both conclusions may result from insufficient data.
3.4.4 Evolution of the initial population
From the derived initial conditions, we plot the projected cumulative
distribution of clusters initially within 50 kpc or Q.bRe (Figure 3.5). The initial
population in this region is about 7250 for Model 2a, a factor of 1.6 larger than the
presently observed population of 4500. For Model 2b, the initial population size is
smaller, but still in excess of 6000. Evolved clusters will also be found at masses
below the observational limit. Within 16 kpc, about 500 evolved clusters are
expected in the range 24 > K > 24.5 (10^ > M > 7 x lO'^M®). All other clusters in
this region initially in this mass range will have evaporated.
This implies that the specific frequency, Sn, evolves with time. Using the ratio
of final to initial surface densities from the models, we derive the run in initial
specific frequency at radius R, Sn{R) (Figure 3.6). As expected, depletion in the
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Figure 3.5. Estimated initial and observed distributions of clusters in M87. Esti-
mated cumulative distribution of clusters for projected radius R < 50kpc (6.5i?e)-
Initial distributions for Model 2a (dashed) and Model 2b (solid) are shown for
V < 24 (upper pair). Final distributions are shown for V < 24 (middle pair)
and for 24 > V > 24.5 (bottom pair). Clusters with 24 > V > 24.5 began with
V < 24. Approximately 50% of the initial clusters vanish within (16 kpc) 2Re and
35% within 6.5/?^ for Model 2a.
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inner regions dominates; however, ~ 10% change in 9 (
m
1 iu/o n m ^N[-n) occurs even out to
kpc due to the rapid evolution of low-mass clusters.
Model 2a in Figure 3.5 shows a 35% change in total within 50 kpc due to
depletion. The observed total value ^ 17 in this region (MHH) impHes an
initial value of 26.5. Thus even the enormous observed value of has dimmished
significantly due to evolution (this neglects the intrinsic evolution in galaxy
luminosity due to stellar evolution). The time evolution of the total Sj, is shown
directly in Figure 3.7. The decay of the cluster population is approximately
exponential in time with e-folding times of 20Gyr and 40 Gyr for measurements
within 16 and 50 kpc, respectively.
Our comparison applies to clusters in specified mass and radial ranges in a
galaxy. Quoted specific frequency values are extrapolated over unobserved ranges
from data taken within such limits. In the case of M87, MHH find Sn = 17.7
directly from the observations, while extrapolation yields a total Sn = 14.4 for the
whole galaxy. Their extrapolation of the luminosity function over all magnitudes
yields a total correction of 2.2 to cluster counts in the observed magnitude range.
For R <i2 kpc, using this correction they estimate a total ~ 9400 clusters (3729
observed in galaxy+cD envelope, 500 in core, x2.2) which is 70% of the total
number of clusters estimated over all radii. The estimated initial distribution has a
larger correction because it is weighted more heavily to low mass (c.f. §3.4.2).
Since most of these clusters completely evaporate, this implies even greater
evolution in specific frequency than derived here.
3.5 Discussion
Our conclusions ignore the possibility that recent merger and accretion events
have have strongly contaminated the initial cluster population. Merging of gas-rich
galaxies is expected to produce clusters with strong central concentration (Zepf k
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Figure 3.6. Ratio of final to initial cluster system surface density. The ratio of final
to initial surface density (top) in Models 2a (dashed) and 2b (solid) and the run in
initial specific frequency at R {Sm{R)) for each model (bottom) derived from the
observed values given by MHH (dotted). Evolution reduces S;^ by 35% in Model
2a.
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Figure 3.7. Fraction of clusters surviving as a function of projected radius. The
fraction of clusters remaining within the indicated projected radius as a function of
time. Abscissae indicate time units which correspond to fundamental plane scaling
for galaxies with indicated masses. Top axis gives M87 scaling (other axes will be
discussed in the next section). Initial Sj^ is « 21 measured within 16 kpc and 26.5
measured within 50 kpc and decays with the cluster population.
ecomes
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Ashman 1993; Mihos & Hern.uist 1994), but the large core of the distribution
.tself argues against any recent merger wh.ch has produced significant numbers of
young clusters. Thus either cluster-producing mergers in M87 have occurred long
in the past or not at all.
The recent addition of clusters through satellite accretion is also unlikely to
account for a significant fraction of the observed population. For example,
accretion of Milky Way-type spirals can only account for about 25% of th
observed population, assuming that the 4L, luminosity of M87 {R < 40kpc)
entirely from satellites (Lauer 1988). Assuming that material is stripped when the
mean density of the primary exceeds that in the satellite, accretion will deposit
clusters in regions of mean density similar to that in the original environment of
the accreted galaxy. The clusters, then, will remain roughly tidally truncated.
Their new orbits depend on the orbit of the dissolving satellite, but otherwise
evolution should be similar and the accreted population may appear coeval
regardless of the time of accretion.
The high specific frequency of globular clusters in M87 appears to indicate the
exceptional conditions governing the formation and evolution of cD galaxies
relative to other ellipticals. The observation that specific frequency increases with
galaxy luminosity suggests that galaxy formation was not an intrinsically
hierarchical and homologous process (e.g. Santiago & Djorgovski 1993).
However, the current results indicate that density differences between galaxies
will lead to differences in the evolution of intrinsic cluster populations. Since M87
lies approximately on the fundamental plane for elliptical galaxies, we can
investigate differences in environment-driven cluster evolution by scaling our
results to other ellipticals. We assume that the initial profile of the cluster
population derived above, when scaled homologously, describes the initial
population in any elliptical. The dynamical time scale for a tidally truncated
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cluster with constant mass and spatial profile is then determined by the mean
density of the galaxy: r . M'^I^R^, This yields r . M^ where /3 = 0.4 for the
fundamental plane scaling given in Paber et al. (1987), /? = 0.26 for the Djorgovski
& Davis (1987) results, and /? = 0.6 tor a more recent set of parameters from Faber
(1995; see also Pahre et al. 1995). This relation implies that clusters evolve and
are depleted more rapidly in smaller, low luminosity ellipticals than in massive,
high luminosity elHpticals.
To demonstrate the importance of this effect, we combine the approximate
exponential decay rate of the cluster population found in §3.4.4 with this scaling
relation. This gives an expression for the number of clusters remaining in an
initially coeval population belonging to a galaxy of luminosity L at time T:
where Tq ^ 40Gyr for M87, No{L) is the initial distribution of cluster population
sizes as a function of galaxy luminosity and M/L ~ I^-^^ throughout.
Using a power-law distribution No{L) = N^L/LmsiV, we compare the model
curve Nci{L,T) to an observed sample of cluster populations in galaxies (Harris
1996). The resulting models show qualitative agreement with the data (Figure
3.8), falling off at low luminosity more rapidly with increasing /? due to the more
rapid rate of evolution. From this we conclude that the observed discrepancies in
specific frequency which correlate with galaxy luminosity were smaller in the past.
This is reflected in the smaller exponent 7 in Nd oc predicted initially
compared to the present-day estimate.
To conclude, we suggest that cluster evolution may account at least in part for
the specific frequency problem. Because clusters evolve more rapidly in dense
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Figure 3.8. Evolved cluster population size vs. parent galaxy luminosity. Evolved
population size as a function of galaxy luminosity compared to data from Harris
(1996) for fundamental plane parameter /3 = 0.4 (solid) and p = 0.65 (dotted) .
The present-day, unevolved fit (dashed) has logA^, =3 3.89 ± .05,7 = 1-46 ± .13.
For p = 0.65, the initial value of 7 is consistent with specific frequency which is
independent of luminosity
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environments and because ellipticals are typically denser at low luminosity that at
high lunrinosity, cluster populations diminish more rapidly in low luminosity
galaxies. Specific frequencies will therefore correlate more strongly with luminosity
at later times.
3.6 Summary
We have investigated the evolution of the M87 globular cluster system. The
results of this study have enabled us to examine the broader question of population
evolution in fundamental plane elliptical galaxies. Our main conclusions follow:
1. The loss of globular clusters through relaxation and tidally-induced
evaporation accounts for the large core and shallow profile in cluster number
distribution compared to the light distribution in M87.
2. Evolution produces a radial dependence in the present-day mass spectrum of
clusters such that higher mass clusters predominate in the inner regions. The
models also indicate an initial radial dependence in the mass spectrum.
3. Likelihood ratio tests reject an initial power law in favor of an initial
Gaussian but do not rule out the possibility of an initial core in the profile.
4. The best-fit model for M87 has an initial population of 7.25 x 10^ clusters
with projected radius R < 50 kpc, about 60% more than is currently
observed. Roughly 14% of the initial population are now objects of slightly
less than 10^M©; dynamical evolution can strongly modify the specific
frequency of globular clusters.
5. Scaling the calculations to fundamental plane elliptical galaxies indicates that
cluster evolution in the differing environments qualitatively accounts for the
trend in observed population number versus galaxy luminosity. Smaller
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galaxies tend to have high densities and thus more rapid evolutionary time
scales, so their cluster populations tend to diminish more rapidly.
Some of these inferences, especially (iii), may be biased by the lack of detailed
data in the inner galaxy. Point source data for r < V will lead to stronger
constraints on the size of the initial core and a deeper survey will pick up low
luminosity objects and further constrain the luminosity functiDion.
Chapter 4
Globular Cluster Evolution in the Milky
Way
We estimate that a sample of 111 Milky Way globulars with velocity
information descends from a progenitor population of 250 clusters. Approximately
200 of these clusters were in a spherical component and 50 in a disk component.
The initial spherical population possessed a radially anisotropic orbit distribution
with approximately 40% of its kinetic energy in radial motion. These inferred
initial characteristics are in agreement with the spatial and kinematic distribution
of halo stars derived by Sommer-Larsen & Zhen (1990). Evolution has produced a
nearly isotropic distribution today. The disk component possessed a nearly
isotropic initial distribution which has become more tangentially biased with time.
The inferred initial characteristics do not match the kinematics of the rapidly
rotating thin or thick disk stellar populations, but may correspond to a highly
flattened but kinematically random halo component.
Examination of internal properties in evolving clusters shows that cluster halos
are strongly modified by tidal heating and differ from equilibrium King model
profiles. However, evolving line-of-sight mass spectral indices do not show marked
differences as a function of orbit except due to differences in evolutionary time
scales expected in tidally-limited clusters on different orbits.
4.1 Introduction
Age estimates for globular clusters indicate that they formed early in the
history of the Milky Way and represent 'fossil relics' of the proto-Galaxy (e.g.
Larson 1990). To reveal traces of Galactic evolutionary history, researchers have
mICS
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carefully examined a range of properties of the present-day cluster system, paying
particular attention to the cluster kinematic distribution (e.g. Zinn 1993), mass
distribution (e.g. Harris & Pudritz 1994), metallicity distribution (e.g. Zinn 1985)
and age distribution (e.g. Chaboyer, Demarque k Sarajedini 1996). These
investigations have provided evidence for both accreted and native components
the cluster system (e.g. Searle & Zinn 1978) and correlations between kinemat
and metallicity which may trace the collapse of the Galaxy (e.g. Zinn 1985;
Armandroff 1989; Zinn 1993).
At the same time, theoretical interest in globular cluster evolution was
initiated by the discovery that two-body relaxation would drive evolution on a
time scale that is much less than the age of a typical cluster (e.g. Ambartsumian
1938; Spitzer 1940; Chandrasekhar 1942). Subsequent research provided an
understanding of the gravothermal instability (Lynden-Bell k Wood 1968) and the
phenomenon of core collapse (e.g. Cohn 1980). One of the basic conclusions of this
work is that relaxation inevitably leads to cluster evaporation. Additional
refinements to the picture of relaxation-driven evolution have been motivated by
the need to account for a source of energy which halts core collapse (e.g. Henon
1961; Lee k Ostriker 1987) and the need to include tidal influences which arise on
a cluster's orbit in a parent galaxy (e.g. Ostriker, Spitzer k Chevalier 1972;
Chernoff, Kochanek k Shapiro 1986; Weinberg 1994).
Recent work on tidal influences has shown that evaporation is accelerated by
the interaction of a cluster with the tidal field produced by the halo and disk of
the Galaxy (e.g. Murali k Weinberg 1996, hereafter Paper I; Gnedin k Ostriker
1996). In particular, the results indicate that cluster depletion strongly depends on
mass and orbit in the Galaxy and suggest that an understanding of cluster
formation in the proto-Galaxy and the nature of clusters as 'fossil relics' requires a
comprehensive description of cluster evolution since the time of formation. In a
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related study providing further motivation, Murali k Weinberg (1996; hereafter
Paper II), have demonstrated the importance of evolution in shaping the M87
globular cluster population and as a partial cause for the specific frequency
conundrum in fundamental plane ellipticals.
In the present work, we investigate the degree to which evolution has shaped
the Milky Way cluster population. We concentrate on inferring the size of the
initial population and its initial kinematic distribution. The inferences are derived
from both spherical and 2-component disk+sphere models of the cluster
distribution. While several analyses have shown the cluster system to be
approximately spherically distributed (e.g. ChernofF & Djorgovski 1989; Thomas
1989), other investigations show the presence of a flattened, rapidly rotating
high-metallicity component with a spherically distributed low-metallicity
component associated with the Galactic halo (e.g. Zinn 1985; Armandroff 1989).
Further subdivisions may also exist (Zinn 1993; Zinn 1996). The choice of models
reflects the gross characteristics of the cluster system and allows us to compare the
candidate distributions. As the results show, neither model is completely
successful in describing the cluster population because of the effects of evolution.
The study is based on the Fokker-Planck description of cluster evolution
discussed in Paper I and the parametric statistical framework employed in Paper
II. We first provide a detailed examination of cluster evolution in a Milky Way
model which includes disk and halo. The calculations demonstrate the
enhancement in the rate of evolution caused by the disk and examine evolutionary
varations with orbit. Next we study the behavior of internal density profiles and
mass spectra in evolving clusters. Finally, we investigate the present-day and
initial characteristics of the cluster population. The analysis employs the data set
compiled by Gnedin k Ostriker (1996) and a likelihood technique that also enables
us to exploit the three-space velocities derived by Cudworth (1993). The results
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point to differences in the initial and observed cluster populations, indicating the
role of evolution in shaping the present-day cluster system.
The plan of the paper is as follows. In §4.2, we summarize the approach and
scenario used throughout the investigation. §4.3 describes the physical behavior as
a function of orbit, examines the internal properties of evolving clusters and
concludes with an investigation of the population. Finally, §4.4 discusses the
implications of the results. Appendices provide derivations of the models and a
discussion of the statistical procedure.
4.2 Procedure for Investigation
4.2.1 Cluster evolution
Following formation and early stellar evolution, cluster evolution is driven by
relaxation, the tidal field and binary heating of the core. As described in Papers I
& II, the competition between relaxation and the tidal field of a galaxian spheroid
is particularly important in determining a cluster's evolutionary time scale and
survival history. The dominant effects of the spheroid on tidally-limited clusters
were found to be heating on low-eccentricity orbits and tidal truncation on
high-eccentricity orbits.
In the Milky Way, the disk also contributes significantly to cluster evolution.
For high inclination orbits, a number of investigations have shown that the
compressional shock imparted to a cluster during its passage through the disk will
generally enhance the evaporation rate (e.g. Spitzer & Chevalier 1972; Chernoff,
Kochanek k Shapiro 1986; Weinberg 1994; Gnedin k Ostriker 1996). For orbits
confined to the disk, oscillations of the cluster about the midplane transfer energy
through resonant stellar orbits. Below we further investigate the effect of the disk
on cluster evolution on both low- and high-inclination orbits (§4.3.1). Appendix
C.l gives the derivation of the heating rate for disk oscillations.
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4.2.2 Orbits
For eccentric, high-inclination orbits, the orbital phase of disk passage varies
due to the precession of the argument of perihelion with respect to the plane of the
Galaxy because orbits are not closed in the logarithmic potential. To remove
dependence on unknown orbital phase, we define an effective energy input due to
disk shocking to be that which occurs at the average orbital radius of the cluster
which undergoes two passages per orbital period. For eccentric low-inclination
orbits, we also fix the effective heating rate to be that which occurs at the average
orbital radius and assume that the vertical motion is prefectly separable from the
radial and tangential motion in all orbits. This allows us to define approximate
three-integral distribution functions in terms of algebraic constants of the motion
(c.f. §4.2.4).
Orbits in the spheroid are defined using the quantity k = J/Jmax{E), which
denotes the angular momentum relative to maximum for an orbit of energy E. The
inclination angle is denoted i and is defined with respect to the disk, so that i = 0°
defines an orbit exactly in the plane of the disk. Oscillations through the disk are
noted in terms of their oscillation height in multiples of the disk scale height, zq.
4.2.3 Model populations
Our fiducial population consists of clusters which formed in a single episode
approximately 11 Gyrago. Initial clusters are assigned Wq = 5 King model profiles.
Investigation of concentration dependence in §4.3.1 shows that evaporation times
vary little with Wq. We assume that each cluster has a Salpeter IMF (/9 = 2.35)
with lower mass limit, m/ = 0.1 M©. For this choice, stellar evolution would
dominate for the first Gyr, corresponding to the main sequence lifetime of a 2 M©
A-star. Following the phase of strong stellar evolution, relaxation, external heating
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and core collapse heating would begin to drive cluster evolution. We take this
epoch to define the zero-age population considered in this paper.
Clusters on orbits highly inclined from the disk are tidally limited by the
Galactic spheroid. While initial cluster densities may differ from the mean density
required by perigalactic tidal limitation, subsequent evolution during the first Gyr
leads rapidly to tidal truncation or disruption. Clusters on orbits confined to the
disk may posess limiting radii smaller than that implied by tidal limitation in the
spheroid (e.g. note the discrepancy between the observed and predicted tidal
radius of M71; c.f. Drukier, Richer k Fahlman 1993). This implies that, for given
concentration, their density is higher than that required for tidal limitation.
However, §4.3.1 shows that evaporation times vary little with density for the
low-mass clusters which dominate the population. Therefore, in studying
population evolution, we assume that low-inclination clusters are also tidally
limited. The limiting or tidal radius Rj is uniquely determined by the cluster mass
and orbit (see Paper I for further details).
We employ the commonly used terminology of 'disk' and 'halo' cluster. A
'disk' cluster is most often 'metal-rich' with disk kinematics while a 'halo' cluster
is most often 'metal-poor' with halo kinematics but which may have high or low
orbital inclination relative to the disk. A 'classic' halo orbit, however, is one of
high inclination from the disk.
4.2.4 Distribution functions
We use parametric models to define distributions of cluster orbits and masses
in both disk and spheroid populations. Mass distributions, u{M), are defined using
a power-law (e.g. Harris k Pudritz 1994), a two-component power-law and a
Gaussian magnitude distribution (e.g. McLaughlin, Harris L Hanes 1994). The
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2-compo„ent power-law mass spectrum has continuity imposed at the mass, M„„
where the spectral index changes.
Distributions of cluster orbits are defined using models which trace the
adopted Galactic potential (c.f. §4.2.9). Disk component distribution functions,
f{E,, Jl E,), are defined using the Mestel disk with no net rotation (e.g. Binney
k Tremaine 1987) combined with an isothermal vertical distribution. This
provides a family of constant anisotropy, power-law surface density profiles with
index
-
2qd) of infinite range, where t/^ defines the velocity dispersion of the
distribution and q, determines the degree of anisotropy. The range is infinite
because 0 < < oo and -i < 9, < (see Appendix C.3 for derivation and
further discussion).
Spheroidal component distribution functions, /(£;, J^), are defined by adapting
the Mestel DF to the spherical case, (which we refer to as the 'Mestel Sphere'; see
Appendix C.4) and also using the Eddington model (e.g. Aguilar, Hut k Ostriker
1988; see Appendix C.5 for derivation and further discussion). The Mestel sphere
DF gives rise to a family of constant anisotropy power-law space density profiles
with index
-(7/ - 2q) of infinite range. The Eddington sphere DF produces a
family of variable anisotropy, power-law space density profiles with cores having
index
-7/ and core radius Ra, where Ra is the radius at which the radial anisotropy
of the distribution becomes significant.
Table 4.1 gives the functional form for each model. Complete orbit and mass
distributions are taken to be the joint distributions p{M) x /, and we assume that
disk and halo components can have a diff"erent mass spectra. In the 2-component
model, F denotes the fraction of the population belonging to the spherical
component. Because disk cluster evolution varies little with oscillation height (see
§4.3.1), we determine the parameter 77^ for the observed distribution and keep it
fixed in the subsequent fit to determine the initial conditions in order to minimize
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Table 4.1. Functional forms of models
M ass Models
^^me
^(M) DC
power-law
Parameters
a
2-component M'^'^iM < M.^t) oi
power-law M-^{M > M,,,) a^]
gaussian mag. e-^^-^o)'/^-l dV/dM Vo,av
Distribution Functions
Name f{E,J\E,)oc Parameters
Mestel disk e^^/^Ij^^^^^ETJ^
Mestel sphere e~^/^V^'
Eddington sphere e'^l"^ e~^^ l'^'''^-"^
the number of parameters since the cluster population is not large. For the disk
distribution, we impose a priori cutoffs in radius at = 15kpc (Wainscoat et al
1992) and height at Z = 7.5 kpc.
Two types of fit are used to characterize the data. Fits without the
evolutionary calculations (c.f. §4.2.6) are used to derive the observed or
present-day properties of the cluster sample. Fits including the evolutionary
calculations are used to derive the most likely initial conditions which produce
today's distribution. We first consider the present-day characteristics of the cluster
system to serve as a guide for applying the models in the evolutionary case. The
listed uncertainties are given as 1 - cr error bars under the assumption of normally
distributed errors.
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4.2.5 Parameterization of disk strength
ter m
In order to parameterize the strength of the spheroid relative to the clust.
Paper I, we introduced the quantity M{x,) which denotes the fraction of the
cluster mass contained within the pericentric inner Lagrange point. In the
following, because of the presence of the disk, ,t is also convenient to define the
quantity x = x./r,, which denotes the ratio of the pericentric inner Lagrange point
to the limiting radius of the cluster (which we shall still refer to as the Udal radius
); and the quantity PoAR)/Pc, which denotes the ratio of the disk central density
at a given radius R to the cluster mean density. This latter parameter defines the
amplitude of the disk relative to the cluster in the same way as M{xp) is used to
define the relative amplitude of the spheroid. Using x, we can write the ratio of
the cluster mean density, p„ to the mean density required for tidal limitation in
the spheroid, pt, as pjpt = x^-
4.2.6 Calculations
We follow the evolution of individual clusters using the one-dimensional
Fokker-Planck approximation (e.g. Cohn 1979). The calculations include
relaxation, external heating due to the time-varying tidal field of the disk and
spheroid (as implemented in Paper I), and a phenomenological binary heating
term (e.g. Lee et al. 1991).
Properties of the evolved cluster population are estimated from a grid of
Fokker-Planck calculations performed over a range of cluster orbits For the disk
clusters, we use a 4 x 4 x 5 grid in apogalactic radius, mass and k to sample the
phase space. Apogalactica are taken in the range 2 < Ra < 8 kpc, masses in the
range 10^ M© < M < 5 x 10^ M© and orbits in the range 0.3 < 1.0. For the
halo clusters, we use a 5 x 4 x 5 grid with 5 < Ra < 15 kpc and the same range of
mass and k. All clusters with Ra = 0.8 kpc are assumed depleted and all clusters
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with energies equal to a circular orbit with fl, = 20kpc are assumed to be
unevolved. For fl. = 0.8 kpc, clusters on circular orbits either evaporate at low
mass or decay into the nucleus by dynamical friction (e.g. Aguilar, Hut & Ostriker
1988) and clusters on eccentric orbits evaporate. For = 20 kpc. the evaporation
timescale on a circular orbit is 70 Gyr for 10^ and is roughly the same for other
orbits of equal energy.
In §4.3.1, we find that low inclination halo clusters evolve more rapidly than
high inclination clusters, although the differences are not extreme. However, in
order to reduce computational expense, we neglect the phase space occupied by
low-inclination orbits in the spherical component. This assumption enable us to
avoid the roughly factor-of-four increase in halo phase space grid size required to
sample the cylindrical geometry. As a result, the initially spherical distribution
remains spherical and we underestimate the amount of evolution about the
midplane of the disk, the consequences of which are discussed further below.
4.2.7 Estimation procedure
A maximum likelihood procedure is used to estimate the parameters in Table
4.1 from the observed cluster data. Generally the data for any given cluster is of
varying completeness with respect to the seven components required in our models
(the mass + 6 phase space components), so, to incorporate all available data, we
use a likelihood technique for incomplete data sets (e.g. Little k Rubin 1987;
Stuart k Ord 1991). By integrating the distribution function over all dimensions
of unknown information for a particular observed cluster, we derive the marginal
probability of the given observation. Typically, only the heliocentric radial velocity
is known, so we integrate over the tangential velocities relative to our vantage
point to derive the marginal probability of observing a cluster at a given position
with a given heliocentric radial velocity. The likelihood may then be constructed
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in the usual manner from the joint probabilities of the observations given the
model. Appendix C.6 discusses the technique in more detail.
4.2.8 Data
We use the data compiled in Gnedin k Ostriker (1996) which consists of 119
objects. We examine the distribution of clusters within 65kpc having masses in
the range 2.0 x 10^ < M < 2.75 x 10« using a mass-to-light ratio of 3.
This removes 6 clusters from the original sample, leaving a total of 113 clusters. In
most cases clusters with M < 10' Mq initially had masses above 10^ Mq. In a few
cases, extrapolation beyond the initially defined grid is required.
Using the likelihood procedure outlined above, we can also include in the data
set the three-space velocities which now exist for about 20 clusters (Cudworth
1993)
.
This is referred to as the augmented data set. Below we compare fits to
both data sets to indicate the amount of additional information provided by the
full 3-space velocities.
4.2.9 Galactic model
We represent the spherical component of the Galaxy as a singular isothermal
sphere with Vq = 220 km s"^ and the disk component as an exponential disk with
radial scale length Rq = 3.5 kpc normalized to the disk central density in the solar
neighborhood, po = O.15M0/pc3 (Binney k Tremaine 1987). The vertical profile
is taken to be Gaussian with a scale height of zq = 320 pc. The Gaussian was
adopted instead of an exponential initially due to concern about the analyticity of
the perturbation and its effect on adiabatic invariance. However, comparisons
between the two profiles show no strong differences in heating rate (e.g. Weinberg
1994) . The solar radius is taken to be Rq = 8.5 kpc. All measured radial velocities
are converted to velocities in the Galactic rest frame using an LSR velocity of
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220 km s- and a solar motion of (n,0,Z) . (-9, 12, 7) km s- (Mihalas & Binney
1981).
4.3 Results
4.3.1 Physical Behavior
4.3.1.1 The importance of disk heating
In Paper I, a calculation of fixed mass, M{x,) and k could be scaled to an
orbit of any energy due to the scale-free nature of the tidal field. This allowed us
to compare the orbital dependence of cluster evolution in several ways using the
same calculations (c.f. Paper I, §3.1). Here the disk destroys this scaling freedom
because the quantity poARd)/Pc varies with the radius of disk crossing. In
order to compare cluster evolution on diff-erent orbits, in Tables 4.2 and 4.3, we
show the mass remaining after lOGyr in tidally-hmited clusters on orbits of equal
apocenter over a range of mass and eccentricity both with and without the disk.
For equal apocenter and fixed mass, the densities of tidally-limited clusters
mcrease with orbital eccentricity because the perigalactic angular frequency
increases, implying a smaller tidal limit. Clusters on eccentric orbits therefore
undergo the most rapid relaxation and can be expected to have high evaporation
rates. However, tidal heating enhances mass loss rates on low-eccentricity orbits.
As a result, for evolution in the spheroid alone, the remaining masses of 10^ M®
clusters decrease monotonically with eccentricity because their evolution is
dominated by relaxation. The remaining masses of 10^ M© clusters peak at
intermediate eccentricity because the intrinsic relaxation rates are small enough
that tidal heating noticeably increases mass loss at low eccentricity.
The large amplitude of the disk relative to the spheroid greatly enhances tidal
heating on low and intermediate eccentricity orbits in the disk-fsphere
calculations. High-mass low-eccentricity disk clusters lose equilibrium and suffer
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Table 4.2. Disk clusters: fraction of remaining mass after lOGyr
10^ Mq
K = 1.0 0.9 0.6 0.3
4kpc 0.0 0.0 0.0 0.0 disk+sohprp
8kpc
0.42 0.35 0.0 0.0
0.0 0.0 0.05 0.0 disk+sohere
0.77 0.76 0.40 0.0 sphere
10^ M©
K, = 1.0 0.9 0.6 0.3
4kpc 0.0 0.54 0.74 0.60 disk+sphere
Skpc
0.77 0.84 0.89 0.60 sphere
0.0 0.25 0.75 0.86 disk+sphere
0.85 0.91 0.95 0.86 sphere
tor bzo oscillation height and Wq = 5
disruption. The low-mass counterparts do not disrupt but are rapidly driven to
evaporation by strong tidal stripping. For increasing eccentricity the tidal effect
diminishes due to the increasing density of cluster relative to disk at the crossing
point of the orbit, and is neghgible at k = 0.3.
Since the strength of the disk relative to the spheroid varies with radius, the
importance of disk heating varies as a function of the radius of disk crossing. The
relative strength of disk heating is highest at about Skpc. As a result, the
10^ M®, K = 0.9 disk cluster at 8kpc loses more mass than does its counterpart at
4kpc (c.f. Table 4.2).
Halo clusters exhibit the same overall tendencies as disk clusters, but with
lower heating rates for the given inclination. Heating rates are lower because the
input power is concentrated at higher frequencies than the input power from disk
oscillations. For example, at 90° inclination, the l^o passage time scale is on the
order of 1 Myr while the corresponding period of an oscillation with height > l^o is
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Table 4.3. Halo clusters: fraction of remaining mass after lOGyr
10^ M®
K = 1.0 0.9 0.6 0.3
5kpc 0.14 0.10 0.0 0.0 disk+sphere
lOkpc
0.58 0.55 0.0 0.0 sphere
0.74 0.73 0.42 0.0 disk+sphere
0.82 0.82 0.59 0.0 sphere
lO^M©
K = 1.0 0.9 0.6 0.3
5kpc 0.49 0.56 0.82 0.72 disk+sphere
0.80 0.86 0.91 0.73 sphere
lOkpc 0.80 0.82 0.90 0.90 disk+sphere
0.87 0.93 0.96 0.90 sphere
tor i = 90° and Wo -= 5
> lOMyr for Rd > 2kpc. At high frequency, the response of a stellar orbit to a
perturbation of fixed amplitude decreases due to the increased binding energy.
4.3.1.2 Inclination dependence
The importance of frequency matching is also evident when comparing halo
clusters on orbits of different inclination with respect to the disk. Table 4.4, which
compares cluster evolution on circular orbits, shows that mass loss increases as
orbits become less inclined due to the improved frequency match between
perturbation and cluster. At 5kpc, the best match occurs for i = 30°, while at
lOkpc, the best match occurs at i = 15°. Radial differences arise because the disk
passage time is fixed at tpass ~ Izo/vcs'mi, while the cluster dynamical time scale
varies as p~^/'^ which is fixed by the mean density of the spheroid through tidal
limitation. The drop in cluster mean density at lOkpc leads to more efficient
heating at lower passage speed. The tendency to stronger evolution at low
inclination and for clusters confined to the disk implies that an initially spherical
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10^ M©
I = 15 30 60 90
5 kpc
10 kpc
0.02 0.0
0.49 0.59
0.09
0.71
0.14
0.73
10^ Mq
i ~
5 kpc
10 kpc
15 30
0.50 0.41
0.58 0.69
60
0.44
0.80
90
0.49
0.80
K -- 1.0 and H/q = 5
halo distribution will develop a vertically-dependent density profile with minimum
density about the midplane of the disk.
4.3.1.3 Density dependence
The rapid disruption of tidally-limited low-eccentricity disk clusters suggests
that they have higher initial densities to survive for long periods after formation.
Figure 4.1 shows survival, disruption and evaporation patterns in clusters on
circular orbits with a range of initial densities, parameterized by the ratio of disk
central density to cluster mean density, pQ^d{Rd)lpc- The heat input from the
spheroid is negligible beyond 1 kpc for disk clusters and has therefore been ignored
to provide scaling freedom. Surviving clusters are bounded by disruption at low
density and evaporation at high density. 10^ M® clusters can only survive beyond
7 kpc. For higher mass, the evaporation boundary moves to higher density because
of the longer relaxation time scale. However, the disruption boundary remains
fairly constant at density higher than the tidal limit.
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Figure 4.1. Density dependence of evaporation time. The remaining mass of disk
clusters on circular orbits executing 5zq oscillations as a function of the ratio of dislc
central density to cluster central density (for ^Wq — 5 profile). Solid contours show
remaining masses in the range 3.5 < logMc < 4.5. Dotted contours show values of
X = oCp/rt as labeled in the top right panel. Initial masses are given at the top of
each panel. Lower density clusters tend to disrupt due to tidal heating while higher
density clusters tend to evaporate due to rapid rates of relaxation. The density
required for tidal limitation in the spheroid is too low to allow survival against disk
heating.
oscillation height
52o lOzo
10' M© 4kpc 0.0 0.0 0.0 0.0
8kpc 0.45 0.36 0.38 0.43
lO^M® 4kpc 0.80 0.76 0.67 0.69
8kpc 0.82 0.81 0.77 0 78
K = i.U and H/q = 5 '
4.3.1.4 Dependence on oscillation height
Table 4.5 shows the dependence of disk cluster evolution on oscillation height
for clusters on circular orbits with log poARd)/Pc = -0.37- well within the the
tidal limit set by the spheroid but still strongly influenced by disk heating.
Evolution is weakly dependent on the oscillation amplitude, with the maximum
effect occurring between 2^o and 5^0. We exploit this property below to remove
the vertical dimension from the phase space grid required to construct the
distribution of evolved disk clusters.
4.3.1.5 Concentration dependence
The preceding discussion is based on clusters of a single concentration. To
examine the concentration dependence, we consider the evolution of disk clusters
of varying concentration for different values of po,d{Rd)/pc and a range of mass.
Figure 4.2 indicates evaporation dominates at high concentration and high density
while disruption dominates at low concentration and low density. Clusters show
similar trends for increasing eccentricity, with evaporation becoming more
important due to the increasing cluster densities of tidall-limited at fixed
Galactocentric radius.
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Figure 4.2. Concentration dependence of evaporation time. Remaining mass after
lOGyr as a function of initial concentration and radius in the disk for clusters
on circular orbits with indicated masses and mean densities. Solid contours show
remaining masses in the range 3.5 < logM^ < 4.5. Dotted contours show the 5Gyr
and 15Gyr evaporation/disruption isochrones on either side of the lOGyr survival
boundary. 10^ M© clusters evaporate for < 6 kpc at high mean density (upper
left) and evaporate or disrupt for Rd < 7 kpc at low mean density (lower left).
10^ M© clusters disrupt for R^ < 7 kpc and very low concentration at high mean
density (upper right) and disrupt for over a large range in radius and concentration
for low mean density (lower right).
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4.3.2 Internal properties
To illustrate some basic trends in the evolution of internal cluster properties,
we examine traits of the the 10« disk clusters with apogalactica at 8 kpc.
Figure 4.3 compares evolution in projected profiles for cases ranging from tidal
disruption to relaxation-dominated core contraction. The tidally dominated
AC = 1.0 and /c = 0.9 clusters shows marked departure from the initial King model
profiles, developing a steeper fall-off which is roughly a power-law. The limiting
radii remain near the expected tidal boundary which moves inward due to the
mass loss.
The profiles also show mild concavity in the fall-off, a feature which appears
similar to the observed profiles given by Grillmair et al (1995,1996), who
interpreted their observations as tidal tails. However, the feature evident here is
not an unbound tidal tail but, rather, a bound halo region which has been
partially cleared through resonance. For k = 0.7, heating is strong enough to
produce deviation from the initial King profile, although the central evolution is
relatively unaffected. For k = 0.5, heating is so weak that the outer profile remains
fixed while the central regions undergo gravothermal contraction.
The evolution of the line-of-sight mass spectral index is shown in Figure 4.4.
Mass segregation occurs in every case, regardless of the strength of tidal heating.
As the K = 1.0 cluster disrupts, however, the low mass component completely
evaporates. The other cases show flattening of the spectrum in the core and
steepening in the halo with differences that increase with eccentricity. This trend
results from the more rapid evolutionary time scale at high eccentricity for orbits
with equal apocenter. Aside from differences in time scale, the evolution of the
mass spectral index does not depend significantly on orbit. One potentially
important feature is the constancy of the spectral index near the initial half-mass
radius of the cluster. However, the half-mass radius is relatively constant only in
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Figure 4.3. Orbital dependence of profile evolution. The evolution in projected mass
profile for four 10^ M© clusters on indicated orbits with apogalactica at 8 kpc. Solid
lines show initial profiles; dotted lines show profiles after 5 Gyr; dashed lines show
profiles after 10 Gyr except for k=1.0 whose profile is shown at 7.5 Gyr, just prior
to disruption. In the strong tidal cases {k = 1.0, k = 0.9), halos are truncated and
profiles develop a steeper fall-off than the initial profile. In the k = 0.7 case, no
expansion occurs due to greater balance between heating and relaxation, but the
outer profile evolves due to tidal heating. The k = 0.5 cluster undergoes negligible
tidal heating, evidenced by the static halo profile, while relaxation leads to increasing
central densities.
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the most eccentric cases; it evolves considerably when tidal effects are strong.
Therefore, it is observationally difficult to estimate the initial mass spectral index
to better than ~ 0.5 dex.
4.3.3 The cluster population
We now investigate the properties of the cluster population as a whole. 0ur
main goal is to establish characteristics of the initial cluster distribution. Before
pursuing this topic, we examine the present-day characteristics of the cluster
population to provide reference for understanding evolutionary inferences as well
as to compare some of the frequently-used models for the cluster population.
4.3.3.1 Present-day characteristics
Figure 4.5 shows the inferred model parameters for the Mestel sphere both
with and without the tangential velocity. The comparison shows the improved
constraints that the additional information provides. In the radial velocity data
set, the tangential anisotropy of the Mestel sphere fit is unconstrained; in the
augmented data set, the confidence contours close within ^ = 1.0 and rj = 5.0,
although there are still significant uncertainties in the estimates. These results rule
out distributions with very strong anisotropy. The fit is nearly centered about
isotropic. We will use the augmented data set throughout the remainder of this
paper.
Parameter estimates for the Eddington sphere are consistent with the previous
inference that the distribution is roughly isotropic with an anisotropy radius
Ra = 20kpc (Table 4.6). Comparing the models with a hkelihood ratio test shows
that the Mestel sphere can be rejected in favor of the Eddington sphere with only
75% confidence. The Eddington sphere fits the observed spatial distribution
slightly better because it has a core.
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Figure 4.4. Orbital dependence of mass spectrum evolution. The line-of-sight mass
spectral index as a function of projected cluster radius. Solid lines show the initial
value, a = 2.35; dotted lines show the dependence after 5 Gyr; dashed lines show the
dependence after 10 Gyr, except for k = 1.0 which shows a{R) after 7.5 Gyr, just
prior to disruption. 1 - a error bars are plotted in only one case to show the typical
size. The index q{R) shows the effect of mass segregation in each case, becoming
flatter in the core and steeper in the halo. The increased difference between core and
halo indices with eccentricity results from the more rapid evolutionary timescale at
high eccentricity for orbits with equal apocenter.
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Figure 4.5. Comparison of data sets. Comparison of Mestel sphere fits to data
with (sohd) and without (dashed) available three-space velocities. The additional
information in the augmented data set provides some constraint on the degree of
tangential anisotropy compared to the pure radial velocity data. The uncertainty
still dominates, but we can rule distributions which are very extremely anisotropic.
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Table 4.6. Comparison of fits to Mestel and Eddington spheres.
Model V
.jf , 1 ^
9 (Tq rg Or, log L
M^^t^i 2:89^:2^^:0^^11—^ :
—35I41-Eddingtor^^
As the results of Paper II show, we expect the initial cluster distribution to
follow a power-law profile and develop a core through evolution. Both models
provide pure power-law space densities. However, the Mestel sphere can have
arbitrary orbital anisotropy while the Eddington sphere must have purely radial
orbits to produce a coreless model. Because we expect a nearly coreless initial
distribution of clusters, the initial orbit distribution required by the Eddington
model is kinematically unrealistic given the presence of so many moderate to high
angular momentum orbits in the observed population. Therefore, in what follows
below, we use only the Mestel sphere to model the spherical portion of the cluster
distribution.
The mass spectrum of observed clusters is not well-described by a single
power-law over the mass range considered here. Using a single power-law, Harris &
Pudritz (1994) find a change in slope near 10^ M©. This trend is evident in Table
4.7 which compares fits to the mass spectrum using three different models: a single
power-law, a two-component power-law and a Gaussian magnitude distribution.
The single power-law shows a relatively flat spectrum in agreement with Harris k
Pudritz (1994). The 2-component power-law shows a fairly steep dependence for
M > 2.2 X 10^ Mq and a nearly flat spectrum for masses below that. The Gaussian
magnitude distribution peaks at 2.7 x 10^ M© in agreement with the 2-component
power-law.
Using a likelihood ratio test to compare the models, we find that the single
power-law can be rejected in favor of both the Gaussian magnitude distribution
and 2-component model at better than 99% confidence. However, the Gaussian
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Table 4.7. Models of present-day mass spectru ni
^ ^ rn.ut{M^) g,,..., log Lpower- law 0.80 005 - - I
o ,
"
"
-
-
-260.56
-^i-component
power-law 0.034 0.15 1.62 0.15 2.2 x 10'^ 2.6 x 10^
-248.38
Model K) cTVo ay log L
gaussianmag.
-7.56 0.11 1.30 0.10
-251.03
can favored over the 2-component power-law with about 40% confidence.
Regardless, we are faced with insufficient data to use models with many
parameters, so we will use the single power-law as the simplest model which
provides an acceptable description of the overall cluster mass distribution.
We characterize the dynamics of the observed cluster population using a
2-component disk-spheroid model (Table 4.8). The value of F, which gives the
fraction of the cluster population in the spherical distribution, provides an
estimate that 96% of the clusters in the sample are dynamically associated with
the halo. This implies that only 4-5 of the sample clusters are associated with the
disk, a result which contradicts our a priori knowledge that there are
approximately 25 disk clusters in our sample (Armandroff 1993). Examination of
the physical behavior in the previous section showed that clusters associated with
the halo on low inclination orbits or which are confined to the disk will evolve more
rapidly than those on high inclination orbits. We therefore expect the present-day
distribution of halo clusters to be aspherical with lower density near the disk. The
overestimate in the halo population size when using a spherical model is consistent
with our dynamical expectation that cluster depletion is more effective for orbits
confined to the disk. Nevertheless, a likelihood ratio test rejects the Mestel sphere
at better than 99% confidence in favor of the 2-component fit. The improvement
results from the strong tangential anisotropy which is attributed to the disk
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Table 4.8. Present-day two-component model
component using the two-component model, a feature which is consistent with the
expectation that this component is rapidly rotating (e.g. ArmandrofF 1989).
4.3.3.2 Initial conditions
Evolution of the pure Mestel sphere, as expected, produces a profile which is
shallower at present than in the past (Figure 4.6). The anisotropy changes little.
The constraints are considerably better, however, and are consistent with an
isotropic initial distribution.
Table 4.9 compares the best-fit parameters of the spherical model with the
2-component model. The spheroid in the 2-component model has a slightly
shallower decline but is considerably more radially biased because the tangential
velocities are mainly associated with the disk component. The uncertainties in the
disk parameters are reduced because the present-day population fraction (1-F) is
larger than in the present-day model. Here the population is currently expected to
posess about 16 clusters, still somewhat below the expected number. Again this
results from our assumption that an initially spherical model remains spherical. A
likelihood ratio test rejects the purely spherical model with about 97.5%
confidence.
The analysis predicts that the velocity distributions of both halo and disk
components become more tangentially biased with time due to the more rapid
evaporation of clusters on eccentric orbits. The initial orbit distribution of the halo
component has fairly strong radial bias, with approximately 41% of its kinetic
energy in radial motion, while the disk component has a nearly isotropic initial
orbit distribution. In addition, the initial halo cluster density distribution has
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Figure 4.6. Comparison of parameter estimates in spherical models. Comparison of
50%,90%,95%,99% confidences in estimated initial parameters (solid) with confiden-
cences in estimated present-day parameters (dashed- superimposed from previous
figure). Constraints are stronger on the initial distribution and indicate proximity
to isotropy. The slope of the density distribution
-(77 + 2^) is steeper initially, going
approximately as r~^-^^ while the present-day slope is best described as r"^-^^.
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Table 4.9. Comparison of initial conditions in 2.component and spherical modeh
spherical
V Q a Vd Qd F log L
estimate
uncertainty
3.35
0.32
-0.018
0.16
0.95
0.06
o4:oD.y4
V a
2-component
Vd qd Old F log L
estimate
uncertainty
2.82
0.27
-0.28
0.03
0.96
0.07
2.38 0.066
0.53 0.10
1.15
0.23
0.89
0.001
-3478.79
power law index of
- 2^ = 3.38, while the disk cluster density distribution has
power law index rjd - 2qd = 2.25.
Figure 4.7 compares the cumulative distribution of clusters in our data sample
with the evolved profile of the 2-component model along with the separate
contributions of the disk and sphere. The model apparently matches the data
fairly well. At small radii, our models overestimate the expected number of
clusters. However, a KS test rejects the null hypothesis that the observed
distribution is drawn from the model distribution at only 58% confidence. The
overestimate can result from the exclusion from our data set of observed clusters
at small radii which lack velocity information. Conversely, the models neglect
dynamical friction, which should also be important at such small radii.
Using the initial conditions from the 2-component model, we derive the
estimated initial distribution of clusters (Figure 4.8). The total initial population
expected to give rise to our sample is about 250 clusters, with 200 in the spheroid
and 50 in the disk. Approximately 43% of the initial population remains.
4.4 Discussion
Our estimates of the initial population size are tied to the assumption that an
initially spherical distribution of clusters remains spherical. As the presentation of
the physical behavior showed, we actually expect clusters confined on orbits near
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Figure 4.7. Comparison of observed and estimated evolved distributions. Compar-
ison of the evolved 2-component model with the observed cumulative distribution
of clusters with i? < 30 kpc in the present sample. The total number of clusters is
108. The spherical component is estimated to have 92 clusters and the disk 16.
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Figure 4.8. Comparison of initial (solid) and evolved (dashed- from previous figure)
2-component models. The total initial number of clusters is estimated to be about
250 with 200 in the spheroid and 50 in the disk.
ion
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the disk to decay more rapidly than clusters on high inclination orbits. This
dynamical expectation was corroborated by the results of the two-component fit to
the present-day population, which showed that, if we assume the halo population
to be spherical, then we strongly underestimate the size of the disk cluster
population.
Correctly accounting for the inclination dependence in halo cluster evolution
will not significantly change the size of the inferred halo cluster population. The
primary result will be to reduce the size of the present-day halo cluster population
which this initial distribution produces by accounting for the loss of low inclinat
clusters. This will then increase our estimate of the size of the disk clust
population. The estimated number of current disk clusters in the evolutionary
models is 16, which is roughly 60% below the expected number. Correcting the
estimated initial population by this factor implies that there may have been
upwards of 80 disk clusters initially.
The other important factor in estimating the initial population size is the
choice of mass spectrum. Using a single power-law is necessitated by sample size,
although we know that there is more likely a steep power-law dependence for
m <: rricut ~ 2.2 x 10^ M© and a shallower dependence for masses below that {rricut
also depends on the adopted mass-to-light ratio). From the two-component
power-law mass spectrum fit and using the results of Paper II as a guide, we
estimate that the spectral index may decrease by 0.2 for m > rUcut and by 0.3 for
m <, rricut since the higher range is very similar to that studied in Paper II while
the lower mass clusters evolve more rapidly so heavier depletion occurs in this
range. Therefore, the initial spectral indices may have been approximately
oti = 0.3 and a2 - 1.8. With this distribution, 49% of the clusters have m < nicut-
The vast majority of these clusters vanish in a Hubble time. For comparison, in
the one-component power-law mass spectrum with a — 0.95, only 47% of the
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clusters have m < so depletion for m < m,.. should be roughly the same in
the two-component power-law model. For m > depletion should actually be
higher in the two-component power-law model because of the greater proportion of
clusters near m,.„ which is in the range of strong cluster evolution. We conclude,
therefore, that adoption of a single power-law to describe the mean mass
distribution should not strongly affect the size of the inferred initial population.
Let us now consider further implications of our results. Sommer-Larsen and
Zhen (1990), investigating the spatial and kinematic distribution of halo field stars
using a kinematically-unbiased, metallicity-selected sample
(-1.5 < [Fe/H] < -2.0), find that the density distribution behaves as it!-3-29±o.24
in the range 8kpc < < 20kpc for which their sample is valid. This agrees well
with the inferred initial density profile for the halo globular cluster distribution
which we found to vary as /?-3.35±o.27^ Furthermore, they find that the velocity
ellipsoid is radially biased with gr = 156 ± lOkms'^ and ar = 156 ± lOkms-^, so
that 50 ± 6% of the kinetic energy is in radial motion. This is roughly consistent
with our estimate that 41 ± 3% of the kinetic energy of the initial cluster
population is in radial motion. Consequently we suggest that the inferred
characteristics may reflect a scenario in which halo clusters primarily formed or
were accreted at early times along with a corresponding stellar component.
The disk clusters, conversely, show increased disparity with both thin and
thick disk stellar populations. While the uncertainties in the estimate are
significant, the initial orbit distribution appears nearly isotropic, strongly
discrepant from the rapidly rotating stellar disk populations. We do, however,
underestimate the size of the disk cluster population by using the spherical halo
model, so some of the motion is unaccounted for. Nevertheless, given the radially
biased orbit distribution determined for the halo clusters, it is not likely that a
significant tangential component can be added to the disk distribution even when
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using a fully consistent model of the halo cluster distribution. An isotropic initial
distribution of disk clusters probably could not have formed in a very cold thin
disk due to the large degree of random motion. However, these characteristics
appear to correlate with the highly flattened component of the local halo observed
by Sommer-Larsen k Zhen (1990). While observed disk clusters have lower
metallicity than this halo component, it is conceivable that the much of the
depleted, radially-biased component had lower metallicity, and therefore formed
during an intermediate phase of the dissipative collapse which is thought to have
given rise to the disk (e.g. Larson 1990).
4.5 Conclusions
The main conclusions of this work are as follows:
1. Disk heating through shocking on high-inclination orbits and through
oscillations on low-inclination orbits strongly accelerates cluster evolution on
low-eccentricity orbits compared to the spheroid alone. Disk oscillations prove
more destablizing than disk shocking due to better frequency matching in
typical cluster potentials.
2. Intermediate eccentricity orbits are favored for survival because evaporation
dominates at high eccentricity and strong heating by the disk leads to intense
tidal stripping at low eccentricity. Orbit distributions tend to become more
tangentially biased because high-eccentricity evaporation dominates.
3. Evolution of disk clusters does not strongly depend on oscillation height but
preferential loss of clusters on low-inclination orbits implies that the
distribution of halo clusters is less dense near the disk.
4. The estimated initial distribution of halo clusters appears to match the
present-day distribution of halo field stars both spatially and kinematically.
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The initial distribution is radially anisotropic with approximately 40% of its
energy in radial motion.
5. The estimated initial distribution of disk clusters does not appear to match
the kinematic distribution of the stellar disk. However, it may correlate with
the highly flattened halo component determined by Sommer-Larsen & Zhen
(1990).
6. The profiles of evolving clusters deviate from King models in cases moderate
to strong tidal heating. The profiles show density inflections which result
from resonant clearing and which appear similar to the observed profiles of
Grillmair et al (1995,1996).
7. The line-of-sight mass spectral index depends little on orbit expect for
intrinsic differences in evolutionary time scales of tidally-limited clusters on
different orbits.
Appendix a
Appendices for Chapter 2
A.l Derivation of Tidal Potential
In the inertial Galactocentric frame, the coordinate components of a cluster
star are
R = r + Rcom, (A.l)
and its velocity components are
V = v-{-Vcom, (A.2)
where f and v are the coordinates and velocities of the member star measured
relative to the cluster center of mass and 4om and are the center-of-mass
position and velocity of the cluster. The Hamiltonian for an individual star in
these coordinates is therefore
^0 = \\y\' + ^c{\R - Rcoml) + ^Ri\R\) (A.3)
We introduce coordinates centered on the cluster with axes fixed in space
through a canonical transformation using a generating function of the second kind
(Goldstein 1985). This function can be written
F^iR, V, t) = {v^ tom) [R - Rcom) + /(O (A.4)
where f{t) is an arbitrary function of time. The transformation obeys the
conditions V^ = dF2/dRi and = dF2/v^, thus satisfying Hamilton's principle.
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The new Hamiltonian Ha = H' 4- rlF I Pti ^r. iimi i7o
- iig + at2im so that (assuming the summation
convention throughout)
G
OR, ^^-l\ycom\^ + (A.5)
Expanding the Galactic tidal potential about the center of mass, we obtain
^o=i|.T + $,(ir|) + [-^ ^'^^2' ' " hdR,R
1
rjTj + ...]
df
+ [-^\ycom\'^^G{\Rcom\)]i-^. (A.6)
The term in the second pair of brackets is an arbitrary function of time which
arises as an ambiguity in canonical transformations (Goldstein 1985). We note
that it equals
-Icom, the negative Lagrangian of the center-of-mass motion and
that it can be eliminated by an appropriate choice of /. In this case, setting
f =^ J Ldt (the action associated with the center-of-mass motion) gives the desired
form of the Hamiltonian for a star in the cluster frame:
^o = ikT + $c(|r|) + fi-^'^^ nr, + ...]. (A.7)
^com
2' ' ^' '2dR^Rj
In the expansion of the tidal potential, we can ignore all but the lowest-order
term because successive terms are proportional to {\r\/\Rcom\T~^ {n = 3,...)
relative to the second order term and, therefore, fall off quickly due to the small
size of a cluster compared to the size scale of the Galaxy. We are thus left with the
quadratic approximation to the Galactic tidal field. The expression for the
perturbing potential, equation (8), is obtained by evaluating this term of the
expansion for the specific case of the logarithmic sphere.
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A.2 Pericentric inner Lagrange points
To obtain an expression for tlie pericentric inner Lagrange point, it is
convenient to first transform to rotating coordinates having one axis aligned witl,
the galactocentric radius of the cluster on its orbit. We omit the details of the
transformation here and simply give the expression for the effective potential at
pericenter in the rotating frame:
^eff = $.(|r|) + \nl{R,)[\rr - 2x'] ~ x r^. (A.8)
The first term is the cluster potential. The second term is the quadratic tidal
potential for the logarithmic sphere transformed to a rotating coordinate system.
The last term is the centrifugal potential arising from the angular frequency of
rotation at pericenter. The quantity is the pericentric angular frequency of the
cluster orbit while QoiRp) is the angular frequency of a circular orbit at the
pericentric radius which defines the tidal strain.
The pericentric inner Lagrange point Xp occurs at the instantaneous inflection
point in the effective potential which lies along the galactocentric radius of the
cluster. We derive an expression for Xp by considering the balance of forces which
is implied by the effective potential. Taking the gradient, and considering the
instantaneous point of equilibrium along the Galactocentric radius gives
GM(xj,) ^„
= nix, + nl{R,)xp, (A.9)
where the left-hand side gives the cluster force while the right-hand side gives the
centrifugal force and tidal strain, respectively.
To derive an expression for the inner Lagrange point in terms of Ra/Rp, we
first rewrite the angular frequencies ftp and Qo{Rp) in terms of the angular
frequency of a circular orbit at apocenter flo{Ra). Using conservation of angular
momentum between apocenter and pericenter gives
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where
,
denotes the ratio of the angular frequency of the Jrbit to the angular
frequency of a circular orbit with the
defines
same apocenter. The flat rotation curve
and substituting into equation (A.9) and solving for x„ we obtain
GM{x^){lfR^Y
rip
Now we define the effective pericentric angular frequency
(A.ll)
(A.12)
where k = rje^^ for the logarithmic sphtlere.
(A.13)
A.3 Derivation of flux equation
The flux equation, equation (2.9), can be derived from the (/z) formalism
given in Weinberg (1994). The function (/2) defines the externally induced change
in the distribution function. The general form for (/j) is
(/2) = Ei-|wi(i), (A.14)
where we have performed the phase-averaging to derive the perturbation as a
function of the actions. The quantity Wi{l) is a scalar function of the actions
(A.15)
where a(l • 12) is a Fourier coefficient given by
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a(|.n)=£dt'e"%(t') (A.16)
and other quantities are as defined in §2.2.
To derive the flux equation we note that can be written as a divergence:
(/2) = EV-Wi (A.17)
where Wi = Wi x 1. This equation makes number conservation manifest in action
space.
To implement this term in a 1-dimensional Fokker-Planck scheme, we must
change variables from actions to (E, a:,cos^) and average over k and cos ^ to
obtain the one-dimensional flux in energy space. The transformation can be
performed easily using the covariant form of the equation (e.g. Rosenbluth et al
1957).
The divergence written in covariant form is
where is a contravariant vector and g is the determinant of the metric tensor,
equal to the square of the Jacobian. Using this equation, we transform to the
{E,K,cos/3) coordinates, which we denote using primes. Transforming the
contravariant vector Wi gives
new
w; = Wi(i • n)E + Wi
I2 \lK
"max (E) 0,l^2max
where the quantity Wi is the function defined above but now written in terms of
the new variables. WJ is the function equivalent to Wi in the new coordinates.
Noting that the Jacobian i
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^9 = ^JLAE)/^i. (A.20)
we may write (f,) in the new coordinates:
Averaging over (ac,cos^)
gives the total change as a function of energy:
= / Q?^^ cos /3KJl^JVt, d{ E H^id n))/dE
I dnd cos (3KJljn, ' (^-23)
where the fluxes in the k and c^/? directions vanish due to the averaging. Fully
expressed, the equation reads
{/ ''""^L./fii} (A.24)
The phase space volume
l6^'P{E) = {27rrJ^dK, (A.25)
which we substitute to find the total phase space flux
{{f,)) = {l67r'P{E))-'^{{{E))}. (A.26)
In the asymptotic limit, this becomes the rate of change of the phase space
density, equation (2.9).
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A. 4 Implementation
The rate of change in the distribution function due to external heating is given
by equation (2.9). We write this in finite difference for,n for consistency with the
Fokker-Planck scheme and solve after each diffusion step. The numerical
implementation uses a flux-conserving finite-difference scheme with explicit time
advance:
-
~Ke^}^ (A-27)
where the flux ^ is denoted
~ (A.28)
and we have rewritten the previously defined heating rate as
= (A.29)
The function R{E) represents the sum over all resonances which couple to orbits of
energy E.
In equation (2.8), (^-functions denote resonant coupling of internal and external
orbital frequencies. However, the resonant interaction has finite duration due to
non-linear saturation or detuning which corresponds to a width in frequency space.
For weak perturbations, narrow resonances develop since orbital frequencies evolve
slowly. For strong perturbations large widths occur because frequencies evolve
rapidly.
The grid spacing employed in the difference scheme defines the frequency
widths. Wider spacing implies broader resonances. Broader resonances reduce the
heating rate by smearing the input power over a wide region in phase space as
shown in Figure A.l. To estimate the proper grid spacing, we use the bandwidth
103
Figure A.l. Dependence of finite-difference method on grid spacing. Increasing grid
spacing corresponds to broadening resonances for the resonant heating calculation.
Broader resonances spread the input power over a range of energies. As a result, the
DF evolves more slowly and does not develop strong resonant peaks and troughs.
Here we evolve the DF in a fixed potential
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theorem or uncertainty relation (e.g Bracewell 1986). The bandwidth theorem
identifies the reciprocal relationship between the frequency width and sampUng
time of an oscillator:
- Xf (A.30)
Here the sampling time is the duration of resonance. Since non-linearity develops
with some typical change in energy SE, we use the rate of energy input to estimate
the duration of resonance:
Comparisons with simulation indicate that 10% change in energy typically leads to
frequency evolution. We calibrate the appropriate frequency widths using fully
self-consistent N-body calculations described in Appendix A.5. For typical heating
rates in tidally limited clusters, an initial spacing of Aa; = Al • 12 ~ 0.005 is
appropriate. We use this value for all tidally-limited calculations. Larger tidal
truncations require an increased width.
Two final implementation issues are the boundary conditions on the external
heating equation and the Fokker-Planck equation. For the boundary conditions on
equation (A. 27), we set the flux to zero at the center and the gradient of the flux
to zero at the edge. The latter condition represents evaporation. The last grid
point of the DF therefore stays fixed between each diffusion step. We tested the
choice in outer boundary condition using a zero flux condition and found solutions
which differed by a few percent at most.
We use the standard tidal boundary condition in the Fokker-Planck equation.
This calls for truncating the distribution function at the maximum energy allowed
by the tidal limit. Because strict application of the boundary condition calls for
truncating the cluster at Xp, we would throw out a potentially large fraction of the
to
in
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initial cluster distribution in cases where < 1. As a less extreme alternative,
we place the zero-DF boundary at the initial limiting energy of the cluster and set
the heating rate according to our choice of Then we allow the boundary
evolve according to the mass loss. Tests with N-body calculations shown
Appendix A.5 indicate that the prescription works correctly.
A. 5 Comparison with simulation
Comparisons of the external heating theory with N-body simulations are used
to test linearity, the assumption of isotropy over long times, the importance of
non-spherical moments in the potential, and the boundary condition on the
heating equation (equation A.27) and to calibrate frequency widths of heating
rates. We use a self-consistent field expansion code (e.g. Hernquist & Ostriker
1992) with 1.5 X 10^ particles, radial expansion order n = 10 and angular order
/ = 4. Figures A.2 and A.3 show comparisons for « = 1.0 and /« = 0.3 orbits. The
two methods agree fairly well, especially at early times, before non-linearity and
relaxation produce differences at later times.
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Figure A. 2. Perturbation theory vs. N-body simulation for circular orbit. AWo = 5
cluster on a circular orbit with M{xp) = 0.95. The half-mass dynamical time
tdyn = 0.3 and the orbital period is 27r. The top left panel shows the total mass as a
function of time while the remaining panels show the mass profile at the indicated
times. Agreement is good for 100^^^^. Deviation at later times results from inherent
non-linearity and relaxation.
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Figure A.3. Perturbation theory vs. N-body simulation for eccentric orbit. The
same cluster as above on a k = 0.3 orbit with M{xp) = 0.95. The orbital period
is t = 30. The left panel shows the evolution in total mass while the right panel
compares the mass profiles at ^ = 145 or 483^^^^. Agreement is good over this
duration.
ase
Appendix B
Appendices for Chapter 3
B.l Cluster distribution functions
The initial cluster population is represented by joint distributions of the ph
space density, f{E) and the mass spectrum i/(M,r):
where V^(M, r, E, J) is the number of stars per unit mass per unit energy per unit
angular momentum at a fixed point in space.
For the initial orbit distribution in coreless models, we generalize the
isothermal distribution employed by OBS
f(E) = ^ e-^/'^o /o n^
with al = r]-^vl. Note that t/-^ = \ for the isothermal sphere and r]'^ = \ for the
fiducial model employed by OBS. The background gravitational potential of M87 is
taken to be a singular isothermal sphere, $(r) = i;Jlnr, independent of the cluster
distribution. The space number density of clusters for equation (B.2) is then
n(r) - por-". (B.3)
We generalize this profile to include a core:
n(r) = />o(r,' + r')-^/' (B.4)
where Vc is the core radius of the system. The isotropic cluster distribution
function follows from integral inversion (e.g. Binney h Tremaine 1987).
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We consider three initial distributions of cluster masses: 1) a Gaussian
distribution of initial magnitudes, V, which is everywhere constant in space (e.g
MHH); 2) a power law distribution of mass, iW, which is everywhere constant in
space (e.g. Harris & Pudritz 1994); and 3) a power law distribution of mass with a
radially-dependent spectral index.
The Gaussian distribution of initial magnitudes V defines the mass spectrum
where the transformation to mass is effected by the Jacobian, dVldM. This
distribution is characterized by two parameters: and ay, the mean and
dispersion of magnitudes.
The simple power law mass distribution
v{M) oc M-^ (B.6)
depends only on the mass spectral index, a. We define the following radially
dependent distribution
u{M,r) (x M-^°^^'''> (B.7)
whose spectral index has the central value a and varies linearly with radius.
B.2 Generalizecl isothermal sphere
We adopt a distance of 16 Mpc to M87 which corresponds to
Hq = 81.5kms-i Mpc-^ (van der Marel 1994). This defines a length scale of 77.6
pc per second of arc. Lauer k Kormendy (1986) adopted Hq = 75kms-^ Mpc"\
giving a distance of 17.4 Mpc and defining a length scale of 84.1 pc per second of
arc. The more recent estimate by Elson k Santiago (1996) based on the Cepheid
calibration of Freedman et al. (1994) gives a length scale of 87 pc per second of arc
which is closer to the latter estimate but not strongly discrepant from the first.
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Figure B.l. Adopted mass distribution for M87. Comparison of singular isothermal
sphere (SIS), softened isothermal sphere used by OBS, and the luminosity profile
determined by van der Marel (1994). The isothermal models agree with the observed
profile at small radii and continue to rise linearly with the dark matter halo.
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OBS apparently adopted the length scale of 132 pc per second of arc,
corresponding to = 50kms-i Mpc'^
For the singular isothermal sphere (SIS), ^r) = t;„Mnr, we adopt
.0 = 606 km s-^ (OBS). This defines a velocity dispersion of a = 350 km s- for
initial distribution of luminous matter with - \. Figure B.l compares th
of the SIS with the softened isothermal sphere used by OBS, and van der Marel
(1994) estimate derived using the luminosity profile and dynamical modeling.
The results presented here do not significantly depend on choice of singular or
softened potential. The 10% mass difference at 3 kpc leads to 5% faster evolution
in the SIS since the dynamical time scale goes as tidally-limited clusters.
This is well within the 4.7 kpc core radius of the cluster system determined by
McLaughlin (1995). Conversely, the tidal field in the the slowly rising core region
of the softened model is closer to that in a Keplerian potential which is stronger
and so balances the larger mass of the SIS.
B.3 Maximum likelihood estimation of model parameters
A joint x^-maximum likelihood estimator is used in §3.4 to fit the dynamical
models to V-band photometric data and binned surface density data of the M87
cluster system (MHH). THe expected surface density profiles are the sum of the
dynamically evolved model surface density, S{r,v;d), derived from distributions in
§3.3, and background surface density, (To{V), multiplied by the incompleteness
factor, /(x,?/, V) which represents the probability of detecting a cluster of given
magnitude at a particular location in the field. The Hkelihood statistic
L = Tlf{^,.yj.V3)[S{r,,V,-e)^ao{V,)], (B.8)
3
defines the posterior probability of the data given the model. The statistic
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defines the posterior probability of the binned data given the model. The total
posterior probability is then
P - P^2xL (B
and the parameters which maximize the posterior probability of the data are the
best estimates.
Appendix C
Appendices for Chapter 4
C.l Heating rate for disk oscillations
Clusters confined to the disk oscillate about the midplane thereby undergoing
resonant tidal heating through the periodic tidal compression in the direction
perpendicular to the disk plane. As discussed in Weinberg (1994), the tidal
potential is given to good approximation by the leading (quadratic) term of an
expansion of the disk potential about the center of mass of the cluster:
H, = 27rGp{Z{t))z\ (C.l)
where we have substituted the density for the second derivative of the disk
potential using Poisson's equation. Z(t) denotes the cluster position as a funct
of time, while z refers to the position of a star relative to the center of the clust
Expanding the factor in the action-angle Fourier series as defined in
Tremaine k Weinberg (1994), we obtain
oo 2 L^-j^ 1
E hJ^y2M + :TV^V^),,o(^)]4'e'>-^. (C.2)
ion
er.
1=- oo
Substituting the resulting expression for Hi into equation (8) of Paper I gives the
heating rate
(if 11
= ^ «<,o(^ + i*W(i.n)^|x|;p
1=— CX3
OO
^ \ar,\H{\-n-nLo). (C.3)
n= — oo
Choosing the vertical profile of the disk and the amplitude of vertical oscillations
completely specifies the rate of energy input. In the present work, we adopt a
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Gaussian vertical profile for the disk. Comparison with an exponential vertical
profile reveals little difference in overall heating rate at any oscillation amplitude.
C.2 Coordinate systems
Our analysis uses three coordinate systems: heliocentric spherical coordinates,
Galactocentric spherical coordinates and Galactocentric cylindrical coordinates.
The first system is the natural observational reference frame while the second and
third are the natural reference frames for the sphere and disk models, respectively.
Primarily for reference in the following appendices, we define the symbols used to
label various coordinates which are used.
In the heliocentric frame, we use (r, /, 6) or distance. Galactic longitude and
Galactic latitude. In the Galactocentric spherical frame, we use the (i?, $,0) to
denote Galactocentric distance, colatitude and azimuth respectively. In the
Galactocentric cylindrical frame, we use the {Rd, Z) to denote Galactocentric
radius in the disk, azimuth and height above the plane, respectively.
Velocity components in a particular direction are denoted with the
corresponding subscript. In the heliocentric frame, {vr,vi,Vb) are the radial,
azimuthal and latitudinal components, respectively. In the Galactocentric
spherical frame, {vr,v^,vq) are the radial, azimuthal and latitudinal components,
respectively. In the Galactocentric cyhndrical frame, {vr^,v^,vz) are the polar
radial, azimuthal and vertical velocities, respectively. We also write the
components in the equivalent inner product form so that, for example, the
Heliocentric velocity components are [v r,v l,v -b).
C.3 Mestel Disk
The phase space distribution function for disk clusters in the thin disk
approximation has the form
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dN
_
dEddJ^dE, " ^')^(^^) (C.4)
where J^) governs the distribution in the plane of the disk and g{E,)
governs the distribution perpendicular to the disk. E, denotes orbital energy in
the disk; J, refers to the angular momentum about the axis of the disk; and E,
denotes the energy of vertical osillations.
The Mestel disk distribution is defined as
where aj signifies the isothermal velocity dispersion in the disk. The radial and
azimuthal velocity disperions are aj,^ = aj and a| = {2q, + 1)^,^ which implies
qd = cr$/2cr^^ - |, so that -| < < oo.
The isothermal vertical distribution is defined as
g{E,) = Be-^^/^' (C.6)
where signifies the isothermal vertical velocity dispersion. In reality, varies
as a function of radius in the disk because the scale height is constant while the
central density varies. Assuming it to be fixed introduces some bias into the
expected vertical velocities at a given radius but has no effect on cluster evolution
because our calculations show that heating by disk oscillations is nearly
independent of oscillation amplitude (or, equivalently, velocity at the midplane; c.f.
§4.3.1).
Integrating over vr^, v<s>, vz and Z yields the surface density in the logarithmic
potential
^ = CA(2a,)'+^r(g + \)R-J'^-''''^ (C.7)
where we absorb all vertical integration constants into the factor C and define the
parameter rjd = Vc/crj. For ijd - 2qd = 2, the density goes as \nRd.
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C.4 Mestel Sphere
The phase space distribution function for halo clusters has the form
dEdr^ -/(^'-^ )• (C.8)
where E is the total energy and J is the total angular momentum of a cluster.
The Mestel sphere has the same form as the Mestel disk,
but has a larger phase space volume so that = a' and ^ = 2{q + where
C7T is the total transverse velocity dispersion. Consequently, q = a^/2a], - 1 and
-1 < 9 < oo. Integrating over vr, and vq gives the volume density in the
logarithmic potential
dN
where we define rj = v^/a^ For r) - 2q = 3, the density goes as In R.
C.5 Eddington sphere
The Eddington model has the distribution function
f{E,j')^Ae-^/^'e-^y'^l^\ (C.n)
which implies that = and 4 = 2(tV(1 + RyRl). Integrating over velocities
gives the volume density in the logarithmic potential
5^ = A2M7ra'f' o . (C 12)
where we define r] — vlja"^
.
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C.6 Likelihood with incomplete data sets
An incomplete data set is defined as one in which some observations are
missing. For the globular cluster system, some clusters might only have
magnitudes and two-dimensional positions; others might have magnitudes and
three-dimensional positions; still others might have velocity information, and so
on. For each cluster, the observations have varying completeness with respect to
the full set of observations required in a given model. There are several approaches
to deriving parameter estimates in this situation. In the present work, we adopt a
likelihood-based estimation scheme^
If we denote the full phase space vector for our models (f, v, m) as Y and write
Y = (Yobs.Ymis), where Y^bs signifies the observed data and K^,, signifies the
missing data, then f{Y\e) = denotes the probability of the joint
distribution of Yobs and Kn,„ where f{.\9) is the underlying distribution governed
by the parameters 6. Marginalizing the distribution over the missing data gives
the marginal density of Yobs'-
f{Yobs\e) = J f{yobs,Y^^s\e)dYmis. (C.13)
For independent observations, we denote the marginal probability for the i*-^
cluster as f, = f{Yi^obs\0) and write the likelihood function in the usual way as the
joint probability of the observations given the model:
m-Uf^- (C.14)
i
Using L{9) to derive inferences concerning 9 requires that there are no
selection effects leading to the systematic absence of data for a particular class of
observations. In practice, of course, we know that this is not the case for
^The following discussion is based on the presentation of Little L Rubin (1987), chapter 5.
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observations of globular clusters, where, for example, latitude-dependent
extinction results in the absence of radial velocities. However, in the present
analysis we make no attempt to derive any type of selection function. One
approach which does not ignore selection effects is the Expectat^on-Max^m^zat^on
algorithm, an iterative procedure which provides estimates for the model
parameters as well as the missing data (Little k Rubin 1987, ch. 7).
The standard data set used in analyses of the spatial distribution and
kinematics of the cluster system consists of cluster positions, masses and
heliocentric radial velocities (e.g. Aguilar, Hut k Ostriker 1988; Thomas 1989).
Therefore, as an example, if we take a spherical model for the cluster distribution
function f{E, J^), the marginal probability of any given observation is
f{Vr, R)= j dvidVbf{^-{vl + v'f + Vl) + ^'(i?),
where ^{R) is the potential, and the tangential velocity components are written in
inner product notation.
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